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Abstract

This paper investigates the resource allocation problem for a multiuser underlay cognitive system where the
secondary system is allowed to transmit and cooperate with the primary system. In this scenario, the secondary users
are subject to two main constraints in the presence of the primary user: their total power budget and the allowable
interference threshold at the primary receiver. Power and subcarrier allocation problems are detailed in order to
maximize the system sum rate. In this work, we highlight the benefits of the proposed multiuser adaptive algorithm
which encompasses three phases. The first step includes the adaptive selection of the decoding strategy at the
secondary receiver which is either treating interference as noise or performing successive interference cancelation or
superposition coding. The second step describes the subcarrier allocation among the different users. Finally, the third
step details the optimal distribution of the available power budget on the users. The problem is first treated assuming
perfect channel state information (CSI). The simulation results show that our proposed scheme achieves higher
secondary and sum rates compared to existing approaches with perfect CSI. The robustness of the proposed
algorithm when the secondary user has only partial information about channel gains is also derived.

Keywords: Cognitive radio, Underlay, Optimization, Maximum sum rate, OFDM, Multiuser, Imperfect CSI

1 Introduction
The idea of cognitive radios (CRs), which is a partic-
ular extension of software-defined radio that employs
model-based reasoning about the channel, users, and
communications context [1], was born out of the wireless
spectrum’s limitation. Advanced radio and signal process-
ing technology along with novel spectrum allocation poli-
cies are used to support new wireless users operating in
the existing spectrum without degrading the performance
of licensed users called primary users (PUs) [2]. More
specifically, the CR technology permits an unlicensed user
called a secondary user (SU) to coexist with the PU with-
out degrading his performance. In a CR system, the SUs
have the ability to sense and adapt to their environment
in order to detect possible frequency holes in the wireless
spectrum which therefore increase the spectral efficiency.
Consequently, the CR technology is very appealing since

*Correspondence: marwa@elchami.com
CEDRIC/LAETITIA Laboratory, Conservatoire National des Arts et Métiers
(CNAM), 292 Rue Saint-Martin 75003 Paris, France

it provides a low-cost and highly flexible alternative to the
classic single-frequency band and single-protocol wireless
communication [3].
There exist three types of CR systems: interweave,

underlay, and overlay cognitive radio. In an interweave
scenario, the SUs adaptively utilize the spectrum band
whenever it is not used by the PU [4]. In the underlay case,
the SUs are allowed to coexist with the PU provided that
the interference caused to the PU is below a predefined
threshold [4]. In the latter category, the secondary system
has the knowledge of the primary system codebook, chan-
nel gains, and transmitted information. A part of the SUs’
power can be used to retransmit the PU message so that
the SUs are able to maintain or improve the primary rate
while achieving their own communication goals [4]. Both
overlay and underlay scenarios are compared in [5].
Multi-carrier transmissions such as orthogonal

frequency-division multiplexing (OFDM) are largely used
for CR networks due to their flexibility in allocating
resources among SUs [6]. Adaptive resource allocation
for the OFDM systems has been studied extensively
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during the past two decades. A comprehensive survey
can be found in [7] and references therein. Moreover,
resource allocation for OFDM-based CR networks has
attracted much attention recently. An overview of the
state-of-the-art research results can be found in [8].
This issue has been studied for both single-user and
multiuser cases. For the single-user case, optimal and
suboptimal power allocation schemes were proposed
to maximize the sum capacity of the CR system under
the interference constraints of the PUs in [9]. In [10], a
low-complexity optimal power allocation algorithm was
derived by exploiting the structure of the considered
optimization problem. A greedy max-min algorithm was
proposed to maximize the throughput of the CR system
with a given power budget in [11]. In [12], the authors
aimed to maximize the CR network throughput under
interference limit and total power budget constraints.
The optimal power allocation to achieve ergodic capacity
and outage capacity in fading channel was derived in [13].
In [14], the authors maximized the secondary achiev-
able rate under a new criterion referred to as rate-loss
constraint. The authors in [15] investigated the problem
of random subcarrier allocation in OFDM-based CR
networks without any spectrum-sensing information at
the SU. The SU’s transmit power was adjusted in order to
maintain the interference on the primary receiver under a
predefined threshold. The downlink resource allocation
problem in a spectrum-sharing environment is studied in
[16]. A time averaging is introduced to approximate the
interference constraints for both short and long terms. In
[17], the authors have characterized a capacity region of a
CR system assuming that the secondary transmitter has
side information about the primary transmission. They
supposed that the SU has to satisfy two conditions in
order to be able to coexist with the PU: (i) no interference
is accepted at the primary system and (ii) the primary
receiver is unaware of the presence of the cognitive
system.
In [18], a heuristic scheme is proposed where the sec-

ondary receiver either treats the interference as noise
or uses successive interference cancelation (SIC) or is
switched off. The achievable rate is studied under the con-
straint that (i) an interference level is allowable on the PU
and (ii) the primary encoder-decoder pair is unaware of
the presence of cognitive radio. We have extended this
work in [19] by proposing a new algorithm where the cog-
nitive user can also use superposition coding (SC) [20]
under certain conditions. The same problem was investi-
gated in [21] by optimally allocating the SU power using
gradient descent algorithm.
Resource allocation for a multiuser OFDM-based CR

system was investigated in [22–27]. The authors in [22]
made use of subcarrier allocation to improve the perfor-
mance of cognitive networks by exploiting the so-called

multiuser interference diversity. They considered that the
SUwith the largest achievable receiver signal to noise ratio
is selected among all the SUs. In [23], a low-complexity
algorithm is developed to maximize the sum capacity
of a CR system with proportional rate constraints. The
proposed algorithm exhibits a trade-off between capac-
ity and fairness by jointly considering channel gain and
the interference to the PUs. The multiuser diversity in
an interweave scenario was studied in [24]. In [25], two
fast resource allocation algorithms were derived for both
real-time and non-real-time services in multiuser OFDM-
based CR networks. In [26], the sum capacity of a mul-
tiuser OFDM-based CR system was maximized while
satisfying the SUs’ proportional rate requirements. The
adaptive resource allocation problem inmultiuser OFDM-
based CR networks with imperfect spectrum sensing was
investigated in [27]. The problem was addressed in two
steps: subcarrier allocation and then power allocation for
subcarriers.
Most of the previous cited works considered perfect

CSI at the secondary transmitter. However, obtaining
perfect knowledge about the channel gains at the sec-
ondary user is very difficult to implement in practice. The
impact of imperfect CSI was investigated in [28–30] with
uncertainty, quantization, or estimation errors. In [31],
Suraweera et al. investigated the impact of imperfect CSI
of the SU-PU link on the SU mean capacity, consider-
ing the effect of CSI quantization with a finite number
of quantization levels. The ergodic capacity maximization
problem with quantized information about CSI available
at the SU through a limited feedback link was studied in
[28], while optimum power strategy and ergodic capac-
ity were derived under outage constraints in [29]. The
impact of noisy CSI on spectral efficiency of multiuser
multi-carrier CRs was considered in [30], where novel
interference management schemes were derived based on
different average-case and worst-case models of channel
estimation error.
In this paper, we use the Han-Kobayashi strategy [32]

for an underlay cooperative CR system composed of one
secondary cell with many SUs. We propose a resource
allocation algorithm for the multiuser system, in which
the decoding strategies at the secondary receivers are
defined and the power allocation is optimized in order
to improve the sum rate of the system with perfect CSI.
Without loss of generality, we carry out a statistical study
for the single-user case with perfect CSI.We further prove
via numerical/simulation evaluation the robustness of the
proposed algorithm when imperfect CSI on both pri-
mary links is considered at the secondary user. The main
contributions of the paper are highlighted below:

• A heuristic approach is proposed for a multiuser
underlay cognitive radio system. This heuristic is
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designed for the perfect CSI scenario by considering a
cooperative underlay cognitive system. A complete
resource allocation problem is addressed in three
steps:

– The decoding strategies are identified per
subcarrier for each user according to several
conditions that will be defined later.

– A subcarrier allocation algorithm is described
to choose the active subcarriers per user. Only
one SU is activated per subcarrier following a
criterion derived from the single-user
algorithm.

– An optimization problem is then formulated,
independently for each user, in order to
maximize the secondary rate and the sum rate
of the system under the constraint of power
budget of each user and the maximum
allowable interference on the PU.

– Motivated by the alternating optimization
method [33], we propose an approach that
sequentially solves a feasibility problem using
dual decomposition.

• We identify several decoding strategy areas for
different scenarios based on the mobile positions
when two users exist in the secondary cell.

• We investigate the same problem for two secondary
users under the assumption that imperfect CSI on the
links between both primary and secondary
transmitters and the primary receiver is available at
the secondary user. This study can be easily extended
to more than two secondary users.

The rest of this paper is organized as follows. Section 2
describes the system model and gives an overview on the
decoding strategies at the receivers. Section 3 explains the
proposed algorithm to solve the resource allocation prob-
lem with perfect CSI. Section 4 investigates the problem
when imperfect CSI is available at the SU. Section 5 evalu-
ates the performance of the proposed algorithm with both
perfect and imperfect CSI. Finally, Section 6 concludes the
paper.

2 Systemmodel and problem formulation
2.1 Systemmodel
We consider a cognitive radio system model composed
of one primary cell and one secondary cell which may
contain several SUs. This system model can be seen as a
cooperative underlay cognitive radio, due to the cooper-
ation between the systems and the allowed interference
threshold on the primary. The primary system occupies
a licensed bandwidth B which is divided into L adjacent
and parallel subcarriers. The secondary base station (BS)
is located at a distance dsec from the primary BS. In the

considered scenario, the SUs need to adapt their decod-
ing strategies to avoid disturbing the PU. Consequently,
they have to transmit either when the primary system is
off or under an interference constraint fixed by the PU.
Thus, the secondary transmitters use channel interweave
when the subbands are currently left vacant by the pri-
mary system; otherwise, they use channel underlay. Unless
stated otherwise, perfect CSI knowledge is considered
throughout this work at each node. We also assume per-
fect sensing of primary activity. The cooperation between
the primary and secondary systems can be provided by a
band manager [34]. We study the uplink transmission in
a given time slot. In the sequel, index p refers to the pri-
mary system, while index s refers to the secondary BS. su[k]
denotes the secondary transmitter that transmits on the
k-th subcarrier. The received primary and secondary sig-
nals in each subcarrier k ∈ {1, . . . , L} can be written as
(see Fig. 1)

ykp = hkppx
k
p + hkpsu[k] x

k
su[k]

+ zkp

yks = hkspxkp + hkssu[k] x
k
su[k]

+ zks

where yki is the channel output and xki is the channel input
corresponding to data ski with power Pki for subcarrier
k and user i. Pi,max is the maximum transmit power of
transmitter i. hkij, a zero-mean complex circular Gaussian
variable, denotes the channel gain between transmitter
j and receiver i. The channel gains are assumed to be
constant during a transmission time slot. zki denotes the
additive white Gaussian noise at receiver i. The noise
variance nki = n0 is the same on each subcarrier k.

2.2 Problem formulation
In this work, we will consider the case of a single PU in the
primary cell. We further assume that the primary receiver
always treats the interference from the SUs as noise. Our
goal is to maximize both primary and secondary achiev-
able rates. The primary achievable rate is maximized

Fig. 1 Underlay cognitive channels on subcarrier k ∈ {1, . . . , L}
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under total power constraint. The optimization problem
for the PU can be formulated as

max
Pp

L∑

k=1

B
L
log2

⎛

⎝1 + |hkpp|2Pkp
n0 + |hkpsu[k] |2Pksu[k]

⎞

⎠

s.t.
L∑

k=1
Pkp ≤ Pp,max (1)

where Pp denotes the power vector for user p. Problem
(1) has been greatly investigated in the literature, and the
optimal solution is given by the waterfilling solution [35].
For the SU, the per subcarrier interference must remain
below a predefined threshold Ikth. Under this condition, we
address the resource allocation problem in order to max-
imize the secondary cell achievable rate. Defined Psu[k] as
the power vector for user su[k] , the secondary resource
allocation problem is formulated as

max
Psu[k]

L∑

k=1

U∑

u=1
Rsu[k]

(
Pp,Ps, θku

)

s.t.
L∑

k=1
Pksu[k] ≤ Ps,max, ∀u

s.t.
U∑

u=1
θku ≤ 1,∀k

s.t. θku ∈ {0, 1},∀k, ∀u (2)

where Rsu[k] denotes the SU achievable rate and θku the
subcarrier assignment parameter. Its explicit expression
depends on the decoding strategies used by the SUs, and
it will be given in the subsequent sections.

3 Resource allocation with perfect CSI
3.1 Description of the algorithm
Our proposed algorithm is executed alternatingly
between the primary and the secondary systems. More
specifically, given a starting power allocation Pp,0 and
Ps,0, the SUs apply a per subcarrier decoding strategy
which depends on the primary and SUs’ power allocation
obtained from the iteration n − 1. Based on the applied
decoding strategy, an achievable rate is computed for each
SU on each subcarrier. Finally, the SU with the highest
rate is activated within subcarrier k, and the SU power
optimization problem is solved.
A summary of our proposed scheme is given in

Algorithm 1, where at the n-th iteration, Pi,n =(
P1i,n, . . . ,PLi,n

)T , with i = {
p, su[k]

}
and Pn ∈{

Pp,n,Psu[k] ,n
}
.

Algorithm 1 Proposed Resource Allocation Algorithm
1: Input channel gains;
2: Initialize Pp,0, Ps,0 and set n = 0;
3: Determine the decoding strategy applied at the sec-

ondary receiver on each subcarrier k;
4: Compute the estimated achievable rate for all the

users on each subcarrier k;
5: Activate the SU u[k] with the highest estimated rate at

subcarrier k;
6: Repeat
7: n = n + 1;
8: Determine the decoding strategy applied at the sec-

ondary receiver on each subcarrier k based on Pp,n−1

9: Compute Psu[k] ,n based on Pp,n−1 and the decoding
strategy;

10: Compute Pp,n based on Psu[k] ,n−1 and the decoding
strategy;

11: Until stopping criterion is reached;
12: Output the optimized vectors Pp,n and Psu[k] ,n.

3.2 Decoding strategies and achievable rates at the
secondary receiver

If Pkp,(n−1) �= 0, different decoding strategies for each SU
are identified based on the interference level at each SU.
The decoding strategy on each subcarrier k at the n-th
iteration is defined according to the PU’s power and each
SU’s power in the previous iteration. These power levels
are optimized using waterfilling and Lagrangian methods
for the PU and SUs, respectively, as will be detailed in
the next section. On each SU, different decoding strate-
gies can be applied under certain conditions. The different
possible decoding strategies are:

1. Strategy 1: If Pkp,(n−1) = 0, the secondary receiver
decodes its message error-free and the secondary
rate is defined by

Rk
su[k] ,n

= B
L
log2

⎛

⎝1 +
|hkssu[k] |

2Pksu[k] ,n
n0

⎞

⎠ (3)

In the rest of the paper, this strategy is called
“interweave.”

2. Strategy 2: If Pkp,(n−1) �= 0 and |hksp|2 < |hkssu[k] |
2, the

interference to the SU is weak and is treated as noise.
The secondary rate is given by

Rk
su[k] ,n

= B
L
log2

⎛

⎝1 +
|hkssu[k] |

2Pksu[k] ,n
|hksp|2Pkp,n−1 + n0

⎞

⎠ (4)
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3. Strategy 3: If Pkp,(n−1) �= 0 and |hksp|2 � |hkssu[k] |
2, the

interference on the SU is strong. Therefore, if

akPksu[k] ≥ ck (5)

is verified, SIC can be applied [36], where

ak =
∣∣∣hksp

∣∣∣
2 ∣∣∣hkpsu[k]

∣∣∣
2 −

∣∣∣hkpp
∣∣∣
2 ∣∣∣hkssu[k]

∣∣∣
2

ck = n0
(∣∣∣hkpp

∣∣∣
2 −

∣∣∣hksp
∣∣∣
2
)

In this case, the achievable secondary rate is

Rk
su[k] ,n

= B
L
log2

⎛

⎝1 +
|hkssu[k] |

2Pksu[k] ,n
n0

⎞

⎠ (6)

4. Strategy 4: If Pkp,(n−1) �= 0 and |hksp|2 � |hkssu[k] |
2 but

(5) is not verified, the ability to apply SC at the SU is
tested subject to the validation of the following set of
inequalities [19]

(
|hkpp|2 − |hksp|2

)

|hkpsu[k] |2|hksp|2
<

Pksu[k]
n0

(7a)

Pksu[k]a
k < ck (7b)

Thus, the secondary achievable rate can be given by
[19]

Rk
su[k] ,n

= B
L
log2

⎛

⎝1 +
αk |hkssu[k] |

2Pksu[k] ,n
n0

⎞

⎠

+ B
L
log2

⎛

⎝1 +
(1 − αk)|hkssu[k] |

2Pksu[k] ,n
αk |hkssu[k] |2Pksu[k] ,n + |hksp|2Pkp,n + n0

⎞

⎠

(8)

with

αk =
(
|hksp|2 − |hkpp|2

)
n0 + |hkpsu[k] |

2|hksp|2Pksu[k] ,n
|hkpp|2|hkssu[k] |2Pksu[k] ,n

(9)

Eqs. (7a) to (9) are detailed in Appendices 1, 2, and 3.
5. Strategy 5: If Pkp,(n−1) �= 0 and |hksp|2 � |hkssu[k] |

2 but
neither SIC nor SC can be applied, the SU is turned
off.

These different decoding strategies lead to four differ-
ent expressions for the secondary rate defined in different
domains and described in (10) to (13). Rk,int

su[k] ,n
is the achiev-

able rate when the interference is treated as noise. Rk,SIC
su[k] ,n

represents both SIC and interweave cases and Rk,SC
su[k] ,n

the
achievable rate when SC is applied. Rk,off

su[k] ,n
denotes the null

rate when the secondary transmitter is turned off.

Rk,int
su[k] ,n

= B
L
log2

⎛

⎝1 +
|hkssu[k] |

2Pksu[k] ,n
|hksp|2Pkp,n−1 + n0

⎞

⎠ , k ∈ S2 (10)

Rk,SIC
su[k] ,n

= B
L
log2

⎛

⎝1 +
|hkssu[k] |

2Pksu[k] ,n
n0

⎞

⎠ , k ∈ S1 andS3

(11)

Rk,SC
su[k] ,n

= Rk,SC
su[k] ,n,1

+ Rk,SC
su[k] ,n,2

, k ∈ S4 (12)

Rk,off
su[k] ,n

= 0, k ∈ S5 (13)

where

Rk,SC
su[k] ,n,1

= B
L
log2

⎛

⎜⎜⎝1 +
|hkpsu[k] |

2|hksp|2
|hkpp|2 Pksu[k] ,n +

(
|hksp|2−|hkpp|2

)
n0

|hkpp|2
n0

⎞

⎟⎟⎠

and
Rk,SC
su[k] ,n,2

= B
L
log2

⎛

⎜⎜⎜⎜⎝
1 +

(
|hkssu[k] |

2 − |hkpsu[k] |
2|hksp |2

|hkpp|2

)
Pksu[k] ,n −

(
|hksp |2−|hkpp|2

)
n0

|hkpp|2

|hkpsu[k] |2|h
k
sp |2

|hkpp|2 Pksu[k] ,n +
(
|hksp |2−|hkpp|2

)
n0

|hkpp|2 + |hksp|2Pkp,n + n0

⎞

⎟⎟⎟⎟⎠

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

S1 = {k ∈ {1, . . . , L} for “Interweave”}
S2 = {k ∈ {1, . . . , L}when interference is treated as a noise}
S3 = {k ∈ {1, . . . , L} for “SIC”}
S4 = {k ∈ {1, . . . , L} for “SC”}
S5 = {k ∈ {1, . . . , L}when the secondary is turned off}

3.3 Subcarrier allocation
We start by assuming perfect PU-PU and SU-PU chan-
nel link knowledge available at the SU. We evaluate within
each subcarrier the data rate that can be achieved in all
the links between SUs and the secondary BS by assum-
ing equal power allocation. The data rate R̂k

u[k] is obtained
depending on the decoding strategy applied in the subcar-
rier and by taking into account the power limitation due to
the interference threshold. This rate is defined in Eqs. (10)
to (13), where equal power allocation is also set in each
subcarrier of the PU. For each subcarrier, the SU with the
highest estimated rate is activated.

3.4 Power allocation optimization
The power allocation procedure is summarized in Fig. 2.
At the n-th iteration, a test is done in order to define
the decoding strategy used at the secondary receiver. The
achievable rate per subcarrier is calculated according to
aforementioned cases and is used to select one of the SUs
within subcarrier k and then to optimize the power allo-
cation for the active SU. Once Rk

su[k] ,n
is determined for all

subcarriers, the PU can update its power Pp,n using water-
filling and based on the measured interference from the
previous iteration, Psu[k] ,n−1. Similarly, the secondary sys-
tem updates its power Psu[k] ,n using dual decomposition
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Fig. 2 Power allocation procedure

process, based on Pp,n−1. The stopping criterion for

Algorithm 1 is either
|Rsu[k] ,n−Rsu[k] ,n−1|

|Rsu[k] ,n−1| < 10−4 or n = 10
iterations. This alternative process is repeated N times.
Note that the convergence of the power optimization algo-
rithm is guaranteed even if the primary power control is
not synchronized with the secondary power control, as
proven in [37].
We assume that optimization is performed at the BS

(primary and secondary, respectively). Regarding sec-
ondary transmission, the decoding strategy and the power
allocation is performed by the secondary BS based on the
channel gains and on the transmit power of the previ-
ous iteration (n − 1). They are then transmitted to the
secondary user on a feedback channel (identifying which
decoding strategy and which power level), so that the
secondary user can use them at the next Transmission
Time Interval (TTI) that includes several time slots. In
order to implement this, we shall assume that the channel
coherence time is large and that the fading values do not
vary over at least two consecutive uplink-downlink TTI.
This assumption is valid for low to medium speeds of the
mobile users.
Now, we investigate the power allocation problem

for the SU. The objective is to optimally choose the
power vector Psu[k] ,n in order to maximize the secondary
rate, while satisfying the interference and the power
constraints. If the interference constraints are not met,
the subcarrier is switched off. The power control problem

is solved iteratively. The decoding strategy and power
allocation are run for each SU independently.
The optimization problem for each user u[k] at the n-th

iteration can be expressed by:

max{Pu[k],n}
Rs, n (14a)

s.t.
∑

k∈Su[k]

Pksu[k] ,n � Psu[k] ,max (14b)

s.t.Pksu[k] ,n � 0,∀k ∈ Su[k] (14c)

s.t.|hkpsu[k] |
2Pksu[k] ,n � Ikth, ∀k /∈ S1 (14d)

s.t.(5), ∀k ∈ Su[k] in SIC case (14e)
s.t.(7), ∀k ∈ Su[k] in SC case (14f)

where Rs,n = ∑
k∈S2 R

k,int
s,n + ∑

k∈S1∩S3 R
k,SIC
s,n +∑

k∈S4 R
k,SC
s,n and Su[k] is the set of subcarriers allocated to

user u[k].
Since the optimization problem is separable, it can be

efficiently solved using the Lagrange dual decomposi-
tion method by decomposing the original problem into
three subproblems, depending on the decoding strategies
applied at the SU.
The Lagrangian of problem (14) can be written as

L
(
Pks,n,μs,n

)
= −Rs,n + μs,n

( L∑

k=1
Pks,n − Ps,max

)
(15)
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with μs,n ≥ 0 being a Lagrange multiplier. Let D be the
set specified by the remaining constraints in (14d), (14e),
and (14f). Consequently, problem (14) can be given by the
subproblems Cint, CSIC, and CSC defined over S2, S3, and
S4, respectively, as

Cint : max{
Pksu[k] ,n

}

k∈S2

∑

k∈S2

Rk,int
su[k] ,n

− μs,n
∑

k∈S2

Pksu[k] ,n (16a)

|hkpsu[k] |
2Pksu[k] ,n � Ikth, ∀k ∈ S2

CSIC : max{
Pksu[k] ,n

}

k∈S3

∑

k∈S3

Rk,SIC
su[k] ,n

− μs,n
∑

k∈S3

Pksu[k] ,n (16b)

|hkpsu[k] |
2Pksu[k] ,n � Ikth, ∀k ∈ S3

akPksu[k] ≥ ck , ∀k ∈ S3

CSC : max{
Pksu[k] ,n

}

k∈S4

∑

k∈S4

Rk,SC
su[k] ,n

− μs,n
∑

k∈S4

Pksu[k] ,n (16c)

|hkpsu[k] |
2Pksu[k] ,n � Ikth, ∀k ∈ S4

(
|hkpp|2 − |hksp|2

)

|hkpsu[k] |2|hksp|2
<

Pksu[k] ,n
n0

, ∀k ∈ S4

akPksu[k] < ck ∀k ∈ S4

where the subtracted term in the objective function rep-
resents the total power constraint which is common for
all subproblems. It can be verified that subproblem Cint
and subproblem CSIC are convex problems. On the other
hand, Rk,SC

su[k] ,n,2
is not concave in Pksu[k] ,n. Thus, R

k,SC
su[k] ,n

is not
concave and the subproblem CSC is not a convex problem.
Rk,SC
su[k] ,n,2

can then be approximated using the first order

Taylor approximation at a feasible point Pksu[k] ,n, in order
to have a convex optimization problem. Once we obtain a
convex problem for Rs,n and since the optimization prob-
lem of Rp,n is convex, the global problem can be handled
by alternating optimization method [38].
The approximated function of this term can be given by

Rk,SC
su[k] ,n,2

� Rk,SC
su[k] ,n,2

(
Pksu[k] ,n

)
+ Bk

n

(
Pksu[k] ,n

)

×
(
Pksu[k] ,n − Pksu[k] ,n

)

with

Besides, we demonstrate that the objective function is
strictly increasing in Ps,n. Then, the problem can be trans-
formed into an equality-constrained problem, and the
stopping condition becomes

L∑

k=1
Pks,n = Ps,max (17)

Thus, an analytical solution of all subproblems can be
obtained with the Karush-Kuhn-Tucker conditions [39].
To solve subproblem CSC, let define the unconstrained

subproblem

ĈSC : max{
Pksu[k] ,n

}

k∈S4

∑

k∈S4

Rk,SC
su[k] ,n

− μs,n
∑

k∈S4

Pksu[k] ,n

with Lagrangian

L̂
(
Pks,n,μs,n

)
= −

∑

k∈S4

Rk,SC
su[k] ,n

+ μs,n
∑

k∈S4

Pksu[k] ,n (18)

Let f̂ be the partial derivative of L̂ with respect to Pks,n.

f̂
(
Pks,n,μs,n

)
= −

|hkpsu[k] |
2

|hkpsu[k] |2Pksu[k] ,n + n0
− Bk

(
Pksu[k] ,n

)

+ μs,n = 0

Thus, the solution of subproblem ĈSC can be given by

P̂ksu[k] ,n =
⎡

⎣ 1

μs,n − Bk
(
Pksu[k] ,n

) − n0
|hkpsu[k] |2

⎤

⎦
+

(19)

which can be expressed by

P̂ksu[k] ,n =
⎡

⎣ 1
μ̂s,n

− n0
|hkpsu[k] |2

⎤

⎦
+

(20)

where

μ̂s,n = L
B

(
μs,n − Bk

(
Pksu[k] ,n

))

Bk
n =

∂Rk,SC
su[k] ,n,2

∂Pksu[k] ,n

=

(
|hkssu[k] |

2 − |hkpsu[k] |
2|hksp|2

|hkpp|2

)((
|hksp|2−|hkpp|2

)
n0

|hkpp|2 + |hksp|2Pkp,n + n0

)
+

(
|hksp|2−|hkpp|2

)
|hkpsu[k] |

2|hksp|2n0
|hkpp|4

(
|hkpsu[k] |2|h

k
sp|2

|hkpp|2 Pksu[k] ,n +
(
|hksp|2−|hkpp|2

)
n0

|hkpp|2 + |hksp|2Pkp,n + n0

)(
|hkssu[k] |2Pksu[k] ,n + |hksp|2Pkp,n + n0

)
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Taking into consideration the constraints of subproblem
CSC, its general solution Pk,SCsu[k] ,n

has to be

n0

(
|hkpp|2 − |hksp|2

)

|hkpsu[k] |2|hksp|2
< Pksu[k] ,n < min

⎧
⎨

⎩
ck

ak
,

Ikth
|hkpsu[k] |2

⎫
⎬

⎭

which depends on the sign of ak and ck . (See also Table 1
in [19].)
The solution of problem (16) is directly provided by

waterfilling for both subproblems Cint and CSIC and by
modified waterfilling for subproblem CSC. It is given in
Table 1, provided that the values of Pk,SCsu[k] ,n will be updated
using the sequential Algorithm 2 [40]. This can be a gen-
eral solution for the power optimization problem in an
uplink underlay CR system, studied in [36] and [41]. The
problem coefficients are presented in Table 2.

Algorithm2 Sequential Convex Approximation Algorithm
to solve CSC
1: Input A solution accuracy ω > 0, m = 0 and a feasible

point Ps,0 for problem CSC ;
2: Repeat
3: m = m + 1
4: Compute ∂Rk,SCs,m

∂Pks,m
(Pks,m);

5: Calculate Pks,m ∀k ∈ S4 using Table 1;
6: Until Stopping criterion is reached;
7: Output Ps,m.

4 Algorithm evaluation with imperfect CSI
4.1 System parameters
In this section, it is assumed that the SUs have imperfect
knowledge about the channel gains of the links between
both primary and secondary transmitters and the primary
receiver. This lack of knowledge results from channel esti-
mation errors as well as feedback quantization errors. It is
captured by adding a complex Gaussian noise to the chan-
nel gains hpp and hps. Consequently, the estimated channel
gains are computed by:

h̃kpp = hkpp + γpp, ∀k (21)

h̃kpsu[k] = hkpsu[k] + γpsu[k] , ∀k (22)

where γ is a complex Gaussian noise. To simplify the
notations, we assume that only one user is present in
the secondary cell. We further assume that no outage is
allowed at the SU.

4.2 Algorithm
In the first step, the estimated decoding strategy for any
subcarrier k is determined based on the estimated chan-
nel gains, i.e., h̃kpp and h̃kps, and is compared with the true
decoding strategy determined by utilizing the exact values
of channel gains, i.e., hkpp and hkps. If the estimated decod-
ing strategy is more strict than the true one, outage on the
SU is reported and the estimated achievable rate is set to
zero. For example, if the SU makes a false judgment by

Table 1 Optimized values of Pksu[k] ,n

Conditions Decoding strategies Pksu[k] ,n

Pkp,(n−1) = 0 any value for ak and ck Interweave

[
1

μs,n
− 1

bks,(n−1)

]+

Pkp,(n−1) �= 0
{
ak = 0; ck = 0

}
Int = noise min

{[
1

μs,n
− 1

bks,(n−1)

]+
;

Ikth∣∣∣hkpsu[k]
∣∣∣
2

}

Pkp,(n−1) �= 0
{
ak < 0; ck > 0

}
SIC 0

SC min

{
max

{[
1
ˆμs,n

− 1
bks,(n−1)

]+
;
n0
(
|hkpp|2−|hksp|2

)

|hksp|2|hkpsu[k] |2

}
;

Ikth∣∣∣hkpsu[k]
∣∣∣
2

}

Pkp,(n−1) �= 0
{
ak > 0; ck < 0

}
SIC min

{[
1

μs,n
− 1

bks,(n−1)

]+
;

Ikth∣∣∣hkpsu[k]
∣∣∣
2

}

SC 0

Pkp,(n−1) �= 0
{
ak < 0; ck < 0

}
SIC min

{
ck

ak
;

[
1

μs,n
− 1

bks,(n−1)

]+
;

Ikth∣∣∣hkpsu[k]
∣∣∣
2

}

SC min

{
max

{[
1
ˆμs,n

− 1
bks,(n−1)

]+
;
n0
(
|hkpp|2−|hksp|2

)

|hksp|2|hkpsu[k] |2
; c

k

ak

}
;

Ikth∣∣∣hkpsu[k]
∣∣∣
2

}

Pkp,(n−1) �= 0
{
ak > 0; ck > 0

}
SIC if c

k

ak
≤ Ikth∣∣∣hkpsu[k]

∣∣∣
2 min

{
max

{[
1

μs,n
− 1

bks,(n−1)

]+
; c

k

ak

}
;

Ikth∣∣∣hkpsu[k]
∣∣∣
2

}

otherwise 0

SC min

⎧
⎨

⎩max

⎧
⎨

⎩

[
1

μ∧
s,n

− 1
bks,(n−1)

]+
;
n0

(∣∣∣hkpp
∣∣∣
2−
∣∣∣hksp

∣∣∣
2
)

∣∣hksp
∣∣2
∣∣∣hkpsu[k]

∣∣∣
2

⎫
⎬

⎭ ; c
k

ak
;

Ikth∣∣∣hkpsu[k]
∣∣∣
2

⎫
⎬

⎭
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Table 2 Optimization coefficients for problem (16)

Cases bks,(n−1)

Pkp,(n−1) �= 0 and
∣∣∣hksp

∣∣∣
2 ≤

∣∣∣hkssu[k]
∣∣∣
2

∣∣∣hkssu[k]

∣∣∣
2

n0+
∣∣hksp

∣∣2Pkp,(n−1)

Pkp,(n−1) �= 0 and
∣∣∣hksp

∣∣∣
2

>

∣∣∣hkssu[k]
∣∣∣
2

∣∣∣hkssu[k]

∣∣∣
2

n0

Pkp,(n−1) = 0

∣∣∣hkssu[k]

∣∣∣
2

n0

Cases ak

Pkp,(n−1) �= 0 and
∣∣∣hksp

∣∣∣
2 ≥

∣∣∣hkssu[k]
∣∣∣
2 ∣∣∣hksp

∣∣∣
2 ∣∣∣hkpsu[k]

∣∣∣
2 −

∣∣∣hkpp
∣∣∣
2 ∣∣∣hkssu[k]

∣∣∣
2

All other cases 0

Cases ck

Pkp,(n−1) �= 0 and
∣∣∣hksp

∣∣∣
2 ≥

∣∣∣hkssu[k]
∣∣∣
2

n0

(∣∣∣hkpp
∣∣∣
2 −

∣∣∣hksp
∣∣∣
2
)

All other cases 0

assuming it is able to apply SIC while in reality it is not
because criterion (5) is not fulfilled with hkpp and hkps, then
the secondary rate is set to zero.
Otherwise, if the estimated decoding strategy coincides

with the true one, or if it is different than the true decoding
strategy but still feasible at the SU, we proceed to the sec-
ond step. This corresponds, for instance, to a case where
the SU treats interference as noise although SIC could
have been applied with the exact channel gains. Then, a
test on the estimated achievable rate according to this esti-
mated strategy is done. If this estimated rate is greater
than the exact capacity calculated according to the true
decoding strategy and the exact allocated power, the SU is
in outage within the corresponding subcarrier and its rate
is set to zero.

5 Simulation results
The performance of the proposed algorithm is assessed
using Monte Carlo simulations, where the location of the
primary and secondary transmitters both follow a uniform
distribution. The performance is evaluated with perfect
and imperfect CSI. In the former case, the performance
of both single-user and multiuser cases is compared. The
power constraint per transmitter is 21 dBm, and the ther-
mal noise has a spectral density N0 = − 174 dBm/Hz.
The number of subcarriers is L = 64 and B = 0.5 MHz
and n0 = N0B

L . The allowed degradation on the primary
rate due to interference from the secondary transmitter is
ε = 0.1, which means that 90% of the interference-free
rate is guaranteed. The influence of the distance between
the primary and secondary BSs, dsec will be evaluated
in the simulations. In all of our simulation results, all
rates are normalized with respect to the bandwidth B.
The complexity of the proposed algorithm is calculated as

N (1 + M) L log2 L, where M is the number of iterations
needed to update the Lagrange multiplier λ in (14).

5.1 Simulation results with perfect CSI
With perfect CSI, the complex channel gains hkij take into
account path loss, log-normal shadowing, and Rayleigh
fading. We suppose here that all subcarriers are sub-
ject to independent Rayleigh fading. The path loss model
is COST 231 extension to Hata model at 800 MHz in
dense urban environment, LdB(d) = 125.08 + 35.22 ×
log10(d), and the shadowing standard deviation is equal
to 6 dB. Both primary and secondary cells have omni-
directional antennas with the same radius dp = ds =
1 km. The stopping criterion of Algorithm 2 is either
|∑k Rk,SCs,m |−|∑k R

k,SC
s,m−1|

|∑k R
k,SC
s,m−1|

< ω or m = 10. It is important to

note that for the power allocation algorithm, a conver-
gence at 2% on the secondary rate is reached after six
iterations.

5.1.1 Performance evaluation for one secondary user
5.1.2 Statistics
In order to get an insight on the distribution of the differ-
ent studied cases in terms ofmobile terminal positions, we
consider three different scenarios. In the first and second
scenarios, the primary BS is considered as the center of
reference for the terminal coordinates with xBSp = yBSp =
0 km, and the secondary BS is fixed at (1 km, 0 km).
In the first scenario, the position of the primary trans-

mitter is fixed with xp = 0.6 km and yp = 0 km and the
secondary transmitters are allowed to move along their
own cell. The statistics of the decoding strategies given in
terms of the percentage of applying each of them are rep-
resented in Fig. 3. We consider only two secondary users
in the secondary cell. Once the user with the best data
rate is activated within each subcarrier k, the statistics are
executed.
The weak interference case, where the interference

is treated as noise, depends exclusively on |hksp|2 and
|hkssu[k] |

2. With a large number of runs, represented by sub-
figure “Int,” this case is only affected by the path loss and
consequently by the distance between the selected SU and
its BS. On the other hand, subfigures “SC” and “SIC” prove
that these two methods are complementary and the appli-
cation of SC in the algorithm will improve the system
rates. When neither SIC nor SC can be applied, or when-
ever the interference constraints are not satisfied for all
secondary users, the randomly chosen user is switched off.
This case is inversely proportional to |hkpsu[k] |

2 as shown in
subfigure “OFF.”
In the second scenario, the position of the activated sec-

ondary transmitter is fixed at xs = 1.4 km and ys = 0 km
and the primary transmitter is allowed to move along
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Fig. 3 Statistics of the decoding strategies for xp = 0.6 km and yp = 0 km

its own cell. The statistics of all cases are represented in
Fig. 4.
We can see that the interference is treated as noise when

it is weak, i.e., whenever the distance between the PU and
the secondary BS is greater than the distance between the
secondary mobile and its BS, which is equal to 0.4 km in
our case. Otherwise, the strong interference case is acti-
vated and several methods can be applied depending on
the conditions studied previously. Since |hkssu[k] |

2 is fixed,
all cases depend on |hksp|2.
In the last scenario, the influence of both primary and

secondary mobile terminal locations are evaluated. Both
primary and secondary terminals are allowed to move
along the x-axis. Both terminals are chosen to move

between the two BSs. Statistics are given in terms of dp
and ds, the distance between each BS and its mobile (the
activated secondary mobile within each subcarrier) (see
Fig. 5).
When dp < ds, the interference is weak and is treated as

noise at the secondary receiver. In the opposite side, SIC
or SC can be used. The SU is turned off whenever either
methods cannot be applied or the interference threshold
is not satisfied.

5.1.3 Rates improvement and comparisonwith several
methods

The impact of the proposed algorithm on the sum, pri-
mary, and secondary rates is shown in Figs. 6 and 7.

Fig. 4 Statistics of the decoding strategies for xs = 1.4 km and ys = 0 km
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Fig. 5 Statistics of the decoding strategies for mobiles moving on x-axis between the BSs

By comparing the proposed method with the algorithm
in [36] for the single-user scenario where only SIC is
applied in the strong interference case, denoted by “SIC,”
the proposed method shows an improvement due to the
application of SC. Applying only the superposition coding
method (results referred to as “SIC & SC”), an improve-
ment that lies between 0.7 and 1.2% is obtained on the
sum rate of the system, while the secondary rate increases
between 5 and 17.3%. On the other hand, the sum rate
increases between 1.6 and 2.1% while the secondary rate
increases between 11.5 and 25.4% when only power con-
trol is added to “SIC.” These results are marked by “SIC &
power control” in the legend of both figures.
The improvement provided by the power optimization

in presence of SC strategy is highlighted. When both
superposition coding and dual decomposition are applied,
the proposed algorithm denoted by “SIC & SC & power

Fig. 6 Sum rate and primary rate compared with various methods

control,” the sum and secondary rates are compared with
“SIC.” The improvement is then between 2.3 and 3% on the
sum rate, while it is between 16.9 and 43.5% on the sec-
ondary rate. In all these cases, there is a negligible degra-
dation on the PU rate which never exceeds 0.7%. This
degradation is due to the increased power level allocated
to the SU with our algorithm.
The proposed algorithm is also compared with three

other schemes:

• The case where the secondary system is always
switched off (denoted by “RP” for “Reference on
Primary”). In this case, waterfilling is applied on the
primary user and the complexity is calculated as
O(L log2 L) [35].

• The classical power allocation scheme where the
secondary system can transmit on the whole

Fig. 7 Secondary rate compared with different methods
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bandwidth of a cognitive underlay/interweave system
by considering the primary system’s interference as
noise in all subcarriers. This algorithm is denoted by
“FB” for “Full Band” and its complexity is
2 ·N ·O(L log2 L), with N as the number of iterations.

• An algorithm where the secondary system can only
transmit in the subcarriers with weak interference
(|hksp|2 ≤ |hkss|2) by considering the primary system’s
interference as noise in these subcarriers. This
algorithm is denoted by “PB” for “Partial Band,” and
its complexity is 3/2 · N · O(L log2 L).

Both sum and primary rates are shown in Fig. 6. The adap-
tive decoding strategy with the proposed power control
scheme achieves the highest sum rate. Compared with
“RP,” the achievable sum rate gain increases with dsec from
0.9 to 14.27%. Moreover, the data rate gain obtained by
comparing the proposed method with “FB” and “PB” is
respectively 4.3–5.02% and 1.22–3.38%.
The proposed method presents the lowest primary rate

but the degradation comparing to “FB” does not exceed
0.8%, where this gain reaches 4% when comparing with
“PB,” while the achieved gain on the secondary rate is
about 40%, as shown in Fig. 7.
To verify the convergence of the alternating optimiza-

tion algorithm, we plot the evolution of the sum rate
versus the number of iterations over a large number of
channel realizations for dsec = 0.6 km. Figure 8 confirms
the convergence of the proposed algorithm despite the
non-convexity of subproblem CSC in (16c). This result is
expected since the SCA monotonically increases the util-
ity function and the objective function is bounded above
due to power constraint and outage constraints.

5.1.4 Performance evaluationwith several secondary users
In this section, the performance of the proposed algo-
rithm is evaluated with various numbers of mobile termi-
nals in the secondary cell. In a first scenario, we suppose

Fig. 8 Convergence of the proposed algorithm

that only two SUs are present in the secondary cell. The
influence of this multiuser diversity is presented in Fig. 9.
The obtained gain for the sum rate, thanks to the mul-
tiuser aspect, has increased from 5.5–12% in a scenario
which does not apply SC to 9.4–14% in our contribution.
The evolution of the secondary rates with respect to

the number of mobiles in the secondary cell by consid-
ering the different scenarios (with and without SC, with
and without power control) is drawn in Fig. 10, with
dsec = 0.6 km. The simulations show that the growth of
the secondary rate increases from 9–14% when only SIC
is applied to 21–31% when SIC, SC, and power control are
applied.
Finally, the proposed algorithm is compared with

exhaustive search, where the SU with the maximum esti-
mated rate is allocated to each subcarrier, without select-
ing the users based on their decoding strategies. The
achievable rates with the proposed algorithm are 4% less
than those of the exhaustive search which represents an
upper bound for the secondary rates. Consequently, we
can conclude that our heuristic subcarrier allocation algo-
rithm is less complex than the exhaustive search but still
quite effective.

5.2 Simulation results with imperfect CSI
The performance of the proposed algorithm with imper-
fect CSI is assessed using Monte Carlo simulations, where
the mobiles’ positions follow a uniform distribution. We
use the same parameters as in the former scenarios,
replacing hkpp and hkpsu[k] by h̃kpp and h̃kpsu[k] , respectively,
where the variance of the complex Gaussian noise is equal
to 0.01.We reduce themaximum secondary power to 95%,
which decreases probability of being in outage at the sec-
ondary receiver. In this scenario, we do not allow either
outage on rate or interference outage [42]. The impact
of the proposed algorithm with imperfect CSI on both
secondary and sum rates is shown in Figs. 11 and 12,

Fig. 9 Sum rates with two secondary users
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Fig. 10 Secondary rates depending on the number of users, for
dsec = 0.6 km

respectively, for the single-user case. The estimated rates
are denoted by “imperfect.” Simulations show that the pro-
posed algorithm with perfect CSI works well with noisy
channels: there is always some gain due to the use of SC
and the power allocation procedure. Moreover, the data
rate gain obtained by comparing the proposed algorithm
with “FB” is 10 and 4% on the secondary and sum rates,
respectively, for small distance between the BSs.

6 Conclusions
In this paper, we proposed a resource allocation algo-
rithm for a multiuser cognitive radio system. In a first
step, an adaptive decoding algorithm based on both suc-
cessive interference cancelation and superposition coding
strategy is proposed in order to determine the achievable
rates of different secondary users. After an orthogonal
subcarrier allocation, the secondary rate maximization
problem is formulated as a nonlinear problem and an iter-
ative algorithm is proposed using waterfilling and dual
decomposition methods. A general solution for the power

Fig. 11 Secondary rates with imperfect CSI

Fig. 12 Sum rates with imperfect CSI

optimization problem in an uplink underlay CR system is
proposed. Both theoretical analysis and simulation results
have shown that the proposed algorithm achieves higher
sum rate than classical algorithms, providing high-enough
data rates for the secondary system at the expense of a
very low degradation of the primary system’s rate. In the
second part, we show by simulation analysis that the pro-
posed algorithm is efficient and robust in the single-user
case when imperfect CSI is available at the secondary
user. For further work, the proposed algorithm could be
extended to the statistical CSI case.

Appendix 1
Proof of Eq. (8)
Using SC, the secondary transmitter has then to transmit
xks =

√
(1 − αk)xk,(1)s + √

αkxk,(2)s , where 0 ≤ αk ≤ 1,
such that the secondary receiver receives yks = hkspxkp +
hkss
(√

(1 − αk)xk,(1)s + √
αkxk,(2)s

)
+ zks .

• Step 1: xk,(1)s is decoded from yks by treating√
αkhkssx

k,(2)
s + hkspxkp as noise, then

yk′ = yk − hkss
√

(1 − αk)xk,(1)s is obtained. The
achievable rate is equal to:

Rk,(1)
s = B

L
log2

(
1 +

(
1 − αk) |hkss|2Pks

αk|hkss|2Pks + |hksp|2Pkp + n0

)

• Step 2: xkp is decoded from yk′ by treating√
αkhkssx

k,(2)
s as noise, then yk′′ = yk′ − hkspxkp is

obtained. Thus, we have

Rk
p = B

L
log2

(
1 + |hksp|2Pkp

αk|hkss|2Pks + n0

)
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• Step 3: xk,(2)s is decoded from yk′′ . Consequently

Rk,(2)
s = B

L
log2

(
1 + αk |hkss|2Pks

n0

)

Consequently, the secondary achievable rate is calcu-
lated as

Rk
s,n = B

L
log2

(
1 + αk|hkss|2Pks,n

n0

)

+ B
L
log2

(
1 + (1 − αk)|hkss|2Pks,n

αk|hkss|2Pks,n + |hksp|2Pkp,n + n0

)

whence we got Eq. (8).

Appendix 2
Proof of Eq. (9)
The PU’s rate seen by the primary’s receiver (Rk

p,yp ) is equal
to the PU’s rate seen by the secondary receiver (Rk

p,ys ):

|hkpp|2Pkp
|hkps|2Pks + n0

= |hksp|2Pkp
αk|hkss|2Pks + n0

From this equality, we get

αk =
(
|hksp|2 − |hkpp|2

)
n0 + |hkps|2|hksp|2Pks

|hkpp|2|hkss|2Pks
which corresponds to Eq. (9) in the paper.

Appendix 3
Proof of inequalities (7a) and (7b)
αk must be between 0 and 1, so

0 <
(
|hksp|2 − |hkpp|2

)
n0 + |hkps|2|hksp|2Pks

< |hkss|2|hkpp|2Pks
which is equivalent to
(
|hkpp|2 − |hksp|2

)

|hkps|2|hksp|2
<

Pks
n0

<
|hkpp|2|hkss|2
|hkps|2|hksp|2

Pks
n0

+
(
|hkpp|2 − |hksp|2

)

|hkps|2|hksp|2
Two conditions are finally obtained:
⎧
⎪⎨

⎪⎩

(
|hkpp|2−|hksp|2

)

|hkps|2|hksp|2 <
Pks
n0

Pks
n0

(
|hkps|2|hksp|2 − |hkss|2|hkpp|2

)
<
(
|hkpp|2 − |hksp|2

)

These conditions can be rewritten as:
⎧
⎨

⎩

(
|hkpp|2−|hksp|2

)

|hkps|2|hksp|2 <
Pks
n0

Pks ak < ck

from where we got inequalities (7a) and (7b).
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