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ABSTRACT The extremely diverse service requirements is an important challenge for the upcoming
fifth-generation (5G) wireless communication technologies. Orthogonal frequency division multiplexing
(OFDM)-based massive multiple-input multiple-output (MIMO) and mixed numerologies transmission are
proposed as solutions. This paper investigates the use of spatial multiplexing of users, sharing the same
bandwidth, whose associated numerologies are different. We first introduce a precoding design that aims to
manage themixed numerologies spectrum sharing (SS) transmission. Then, we analyse the inter-numerology
interference (INI) and derive the theoretical expressions of its radiation pattern in massive MIMO-OFDM
downlink systems. We demonstrate that by using the proposed precoding scheme and considering two
groups of users using two different numerologies, INI appears only in frequency selective channels. Besides,
the transmission of users using numerology with large subcarrier spacing (SCS) is always with the best
quality, only users using the numerology with small SCS suffer from INI. In that case, INI increases due
to the difference in SCS, channel selectivity and power allocation. Based on the derived INI, in closed-
form expressions, the precoding scheme is improved and a new INI cancellation scheme is introduced. Our
analysis demonstrates that the INI theoretical model matches the simulation results, and the introduced
INI cancellation based precoder efficiently mitigates the INI and enhances the performance of massive
MIMO-OFDM downlink systems.

INDEX TERMS Massive MIMO-OFDM, mixed numerologies, spectrum sharing (SS), 5G.

I. INTRODUCTION
The upcoming 5G wireless communication system is
expected to support a wide range of services with diverse
requirements. Multiple-input multiple-output (MIMO) tech-
nology was established and developed as it meets the demand
by offering increased spectral efficiency through spacial
multiplexing gain and improved link reliability through
antenna diversity gain. Reference [1] gives an overview of
MIMO communications. Recently, researchers have shown
an increased interest in massive MIMO technology which
is recognized as a key feature for the evolution of future

The associate editor coordinating the review of this manuscript and

approving it for publication was Jules Merlin Moualeu .

communication systems [2]. The concept was first presented
in [3] with the name of massive multi-user (MU) MIMO
system in which the base station (BS), equipped with a large
number of antennas, serves simultaneously several single-
antenna users [4]. The number of users are much smaller than
the number of antennas in the BS and all the users share the
multiplexing gain so that spectral and energy efficiency is
improved [5]–[7]. Furthermore, precoding techniques can be
used at the BS to suppress multi-user interference (MUI) and
reduce the power consumption [8].

Wireless communication suffers from frequency-selective
fading in practice. Orthogonal frequency division multi-
plexing (OFDM) which uses multiple orthogonal subcarri-
ers, is an efficient and widely-used technique to deal with
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frequency-selective channels [9]. In addition, OFDM will
most likely remains as the base technology of 5G [10].
Therefore, massive MIMO-OFDM is a very promising com-
bination to meet the ever growing demands for higher spec-
tral efficiency in next-generation wireless communication
system [11].

Another step which brings more flexibility in the commu-
nication system is the mixed numerologies proposed in 5G
New Radio (NR) [12]. The different service requirements can
be categorized into three main scenarios: enhanced mobile
broadband (eMBB), massive machine type communications
(mMTC), and ultra-reliable and low latency communications
(URLLC) [13]. In particular, mMTC and URLLC require
critical capability objectives such as 106 devices/km2 con-
nection density, ultra high energy efficiency, low cost ter-
minals, 1 ms latency and mobility up to 500 km/h [14],
presenting serious challenges on 5G commercial deploy-
ments. Hence, mixed numerologies systems are being
proposed where the numerology varies based on the require-
ment of the service characteristics. Different numerologies
refer to different parameters setting in OFDM such as
subcarrier spacing (SCS), symbol duration and cyclic pre-
fix (CP) length. One of the first studies which introduced
the multi-numerology or mixed numerologies system is [15].
Mixed numerologies structures are also included in the Third
Generation Partnership Project (3GPP) NR standardization
and are studied in many papers [14], [16]–[19]. From the
above works, the most accepted way proposed to support
diverse services is to divide the bandwidth into several
subband, then flexible allocation of different numerologies
are implemented in each subband. Although, the usage of
numerology multiplexing significantly improves the system
flexibility, the interference between users belonging to dif-
ferent numerologies appears and the inter-numerology inter-
ference (INI) affects the system performance.

An INI model is built, in [20] as a function of spatial
spacing between numerologies, overlapping windows and
channel frequency response. Although this work establishes
theoretical expressions, this model is limited to single-input
single-output (SISO) Windowed-OFDM system and to the
users occupying adjacent subbands. Factors that affect INI in
a mixed numerologies OFDM system are discussed in [21],
which investigated the INI problems and explained its under-
lying causes such as SCS, number of activated subcarriers,
power, etc. However, this work is still limited to SISO sys-
tems with adjacent bands and only simulation results were
presented. Also, [22] gives the similar results as the two above
papers, where the INI occurs near the junction of the two
subbands. Recently, some works [23], [24] have dealt with
mixed numerologies spectrum sharing (SS), which can be
also described as overlapping mixed numerologies. Unlike
in non-overlapping mixed numerologies system, in mixed
numerologies SS systems (i.e., users are sharing the same
time/frequency resources), it is impossible to avoid interfer-
ence using windowed/filtered waveforms. In [24], authors
introduced a new transceiver design considering a mixed

numerologies SS system for classical MIMO-OFDM, where
the users have different SCS. Derivation of the interference
pattern is given but again, no theoretical model is proposed
and only the simulation results are shown.

In massive MIMO-OFDM systems, it is desirable to assign
the full bandwidth to all users in order to guarantee high
spectral efficiency while satisfying the flexible services.
It is worth noticing that this SS system is different from
the SISO/classical MIMO case where adjacent bandwidths,
separated by a guard band, are assigned to different users,
where INI exists at the two edges of the subbands [18], [19].
Also, unlike the SISO/classical MIMO system with different
numerologies, in a massive MIMO system, MUI contains
two parts: Intra-Numerology Interference (Intra-NI) and INI,
where the former indicates the interference between users
within the same numerology and the latter indicates the inter-
ference between users using different numerologies. Using
the high dimensional degrees of freedom (DoFs), the Intra-
NI is cancelled by precoders due to the numerous transceiver
antennas. Unlike the classical MIMO, in massive MIMO,
some hypothesis can be added to simplify the computation
of an analytical model for the INI with great accuracy. What
is more, we can improve the transceiver design proposed for
classical MIMO in order to enhance the INI management
and cancellation. To the best of our knowledge, no general
analysis and analytical expressions of the INI have been
presented for massive MIMO-OFDM in the open litera-
ture. In addition, it is still not yet clear how MU massive
MIMO-OFDM systems perform in mixed numerologies SS
transmission. Besides, the MU precoder design and analysis,
efficient INI cancellation algorithm are needed to achieve
good performance. We will study, for the first time, the INI
impact and its cancellation for the Massive MIMO-OFDM,
which have great difference to the ever proposed SISO and
classical MIMO systems. Regarding the previous works and
motivations behind this work, the main contributions of this
paper are:
• An improved transceiver scheme is introduced for mas-
sive MIMO-OFDM downlink system to enable flexible
management of mixed numerologies SS transmission.
It is similar to the one proposed in [23] but we adopt a
different precoding branch and a different zero-adding
process for each numerology. Then, the time-domain
superposition of all signals maximize the spectrum effi-
ciency but introduce INI on certain users. The INI is
analysed regarding many patterns such as SCS, channel
selectivity and power allocation.

• A analytical INI model is built for massive MIMO-
OFDM system with mixed numerologies, which could
be a good tool to guide 5G system design and parameters
selection. We derive the theoretical INI expressions in
closed-form to analyse theoretically the impact of INI
on the users’ performance. Theoretical results match the
simulation ones, confirming our theoretical study.

• Based on the derived theoretical expressions of INI
between different numerologies, we investigate an INI
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FIGURE 1. System model of the massive MIMO OFDM downlink with two different numerologies: Mt transmit antennas at the BS, two
sigle-antenna terminals, two blocks illustrate two different numerologies with OFDM of N1 and N2 subcarriers.

cancellation method. The cancellation is implemented
only at the BS side so that no more complexity is added
at the receiver side.

The rest of this paper is structured as follows. Section II
presents the system model investigated in this study.
Section III analyses the INI between different numerologies
and gives the theoretical INI expressions. Section IV intro-
duces the INI cancellation based on the previous analysis.
Simulation results are provided in section V. Finally, the con-
clusion is given in section VI.
Notations: Lower-case letters (e.g. x), bold lower-case let-

ters (e.g. x), bold upper-case letters (e.g. X) stand for scalars,
vectors and matrices, respectively. H̄ denotes a M × N × K
3-dimension matrix. We denote the trace, transpose, conju-
gate transpose and pseudo-inverse by tr(X), XT , XH and X†,
respectively. The superscript represent the numerology index
(e.g.X(1)). The k-th element in the vector x is denoted as x[k].
For aM×N matrixX,X(m, :) denote them-th line andX(:, n)
denote the n-th column. N × N identity matrix, M × N all-
zeros matrix, N ×N discrete Fourier transform (DFT) matrix
and N × N inverse discrete Fourier transform (IDFT) matrix
are denoted by IN , 0M×N , DFTN and IDFTN , respectively.
Diag(x) represents the matrix where the diagonal elements
are vector x and all off-diagonal elements are zero. We use
‖ x ‖2 to denote l2-norm of vector x.E{.} and dxe stand for the
expectation operator and the ceiling function, respectively.

II. SYSTEM MODEL
We consider, in this paper, a massive MIMO-OFDM down-
link system with different numerologies. The BS is equipped
with Mt antennas serving Mr single-antenna users that use
different numerologies over a frequency-selective channel,
where Mt is significantly larger than Mr . The Mr users can
be divided into NUM groups using NUM numerologies,
represented by index num, where num = 1, . . . ,NUM .
Nnum and CPnum denote the IFFT/FFT size and CP size of
group num, respectively. The transceiver design is different
to the one introduced in [23], where we add zeros in each
users’ signal structure to allow flexible INI managements.

In this way, our transceiver permits the suppression of Intra-
NI by using several precoders and the added zeros help the
implementation of INI cancellation, which will be discussed
later. The BS transmits, via the mt -th antenna, to the mr -th
user over channel

√
αmrhtmr ,mt , where αmr is the large-scale

fading, htmr ,mt ∈ C1×D is the channel impulse response
between transmitting antenna mt and user mr , mt = 1 . . .Mt ,
mr = 1 . . .Mr and D is the number of taps.
Then,

hf(num)mr ,mt = FFT (
√
αmrhtmr ,mt ,Nnum). (1)

is the channel frequency response with FFT size Nnum. For
a massive MIMO-OFDM system, the channel frequency
response is denoted by H̄(num)

∈ CMr×Mt×Nnum , where

H̄(num)(mr ,mt , :) = hf(num)mr ,mt . (2)

The construction of H̄num is presented on Fig. 2.

FIGURE 2. Structure of matrix H̄num.

In order to simplify the system without loss of generality,
we consider, in this paper, two users (Mr = 2) using two
different numerologies, as shown in Fig. 1. s1, s2 ∈ C1×N1

are signals generated by M-quadrature amplitude modulation
(QAM) for user 1 and user 2, respectively. Synchroniza-
tion is achieved over the least common multiplier (LCM)
methods [24] which is illustrated in Fig. 3. Considering this
generalized synchronized scenario, which is also considered
in previous works [17], [20], we assume that N1 = N × N2,
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FIGURE 3. Signal synchronization and summation. x(1)
mt

is user 1’s signal

on mt-th transmitting antenna, x(2)
mt

is user 2’s signal on mt-th
transmitting antenna.

CP1 = N × CP2 , where N = 2i and i is an integer. x(1)mt
is user 1’s OFDM-modulated symbol on mt -th transmitting
antenna and x(2,n)mt is user 2’s n-th OFDM-modulated symbol
onmt -th transmitting antenna. The total symbol length of x(1)

is N times the symbol length of x(2,n) and all the symbols are
aligned.

In order to suppress the Intra-NI at the receivers, linear
precoding scheme is implemented at the BS. In order to
enable flexible management, we consider two linear precod-
ing branches, each for one numerology, at the BS, where two
zero-forcing (ZF) precoders are used [25]. Looking at branch
one (dash-line block) in Fig. 1, the first line of matrix S(1) is
the data information vector s(1) in numerology 1 for user 1,
while the second line is set to zero aiming to protect user 2.
One can also note that in the second branch (solid-line block),
matrix S(2) contains data vector s(2) for user 2 and null-vector
is prepared for user 1.

Then, ZF precoding is performed at each branch, which
is designed to cancel the Intra-NI between users within the
same group completely. Thus, the signal matrices S(1),S(2) ∈
C2×N1 are linearly coded as

u(1)n1 =
1√
ζ
(1)
n1

P(1)
n1 s

(1)
n1 , n1 = 1, . . . ,N1, (3)

u(2,n)n2 =
1√
ζ
(2,n)
n2

P(2)
n2 s

(2,n)
n2 , n2 = 1, . . . ,N2 & n = 1, ...N .

(4)

where ζ (1)n1 , ζ
(2,n)
n2 are power normalization factors, P(num)

nnum ∈

CMt×Mr denotes the ZF precoding matrices for nnum-th
OFDM subcarrier of numerology num. s(1)n1 = S(1)(:, n1) ∈
C2×1,u(1)n1 ∈ CMt×1 are the original signal on the n1-th
subcarrier and the precoded vectors of the n1-th subcarrier
with numerology 1, s(2,n)n2 = S(2)(:, n2 + (n − 1) · N2) ∈
C2×1,u(2,n)n2 ∈ CMt×1 are the original signal of the n2-th
subcarrier for n-th symbol and the precoded vector of the
n2-th subcarrier for n-th symbol with numerology 2. The ZF

precoding matrices are

P(num)
nnum = H(num)

nnum
H
(
H(num)
nnum H(num)

nnum
H
)−1

(5)

where H(num)
nnum = H̄(num)(:, :, nnum) ∈ C2×Mt is the MIMO

channel frequency response of the nnum-th OFDM subcarrier
with numerology num. We assume that channel matrices are
perfectly known at the BS, which can be determined by
exploiting the channel reciprocity of time division multiplex-
ing (TDD) systems [26], [27].

After precoding, the Mt -dimension vector u(1)n1 and u(2,n)n2
are reordered to construct matrices V(1) and V(2,n), according
to the following mapping:

v(1)mt =
[
u(1)1 [mt ] . . . u

(1)
N1
[mt ]

]
, (6)

v(2,n)mt =

[
u(2,n)1 [mt ] . . . u

(2,n)
N2

[mt ]
]
. (7)

where v(1)mt ∈ C1×N1 and v(2,n)mt ∈ C1×N2 are each line of
the precoded signals. Fig. 4 gives the structure of matrix V(1)

and the matrix V(2,n) is constructed similarly. Then, the time-
domain signals are obtained by applying IFFTs and adding
CPs. Before transmission over wireless channel, the signals of
two different numerologies are added point by point for each
transmitting antenna. Fig. 3 also shows the adding process
at each transmit antenna mt . It is worth noticing that in the
proposed system, users share the same bandwidth, which
provides a high spectrum efficiency. At the receiver side,
assuming that the length of CPnum is larger than the length
of the multipath channel, then inter-symbol interference (ISI)
are eliminated.

FIGURE 4. Structure of matrix V(1).

Since H(num)
nnum

(
H(num)
nnum

)†
= IMr , transmitting u(num)nnum =(

H(num)
nnum

)†
s(num)nnum perfectly removes all Intra-NI, which is a

part of MUI. The suppression of Intra-NI with ZF precoders
can be expressed as given in equations (8) and (9) for, respec-
tively, user 1 and user 2.

Mt∑
mt=1

hf(1)2,mt
[n1]v(1)mt [n1] = 0, n1 = 1, . . . ,N1, (8)

Mt∑
mt=1

hf(2)1,mt
[n2]v(2,n)mt [n2]= 0, n=,. . . ,N& n2=1, . . . ,N2.

(9)

VOLUME 7, 2019 177167



X. Cheng et al.: INI Analysis and Cancellation for Massive MIMO-OFDM Downlink Systems

FIGURE 5. Systems used when analysing different INIs.

It is worthwhile to note that equation (8) and (9) are sat-
isfied only when Mt � Mr , permitting that the ZF pre-
coders perform well and are able to suppress completely
Intra-numerology MUI. Obviously, this is not applicable in
SISO systems and even more, in classical MIMO, where the
number of the BS transmitting antennas is not sufficiently
high. Thus, the study that we will conduct in the next section,
to analyse the INI occurred between users using different
numerologies, will be valid only for massive MIMO-OFDM
systems. Also, it will be different to the ones conducted previ-
ously for SISO and classical MIMO systems. Concerning the
INI between users using different numerologies, the received
signal can be written as

y1[n1] = s1[n1]+ini(2,1)[n1]+b1[n1], n1 = 1, . . . ,N1,

(10)

y2,n[n2] = s2,n[n2]+ini(1,2)n [n2]+b2,n[n2], n2=1,. . . ,N2.

(11)

where y1 is the received signal of user 1, y2,n is the n-th
received signal of user 2, ini(2,1) and ini(1,2)n are INI from
numerology 2 to numerology 1 and INI from numerology 1
to n-th numerology 2 symbol, respectively. b1 and b2,n are
receiver noise whose entries are i.i.d circularly-symmetric
complex Gaussian distribution with zero-mean and σb

2

variance.
The next section will give the theoretical expressions of

these two INI and analyse the impact of SCS, channel selec-
tivity and power allocation. To do that, we consider noise-less
channel in order to only study the received INI.

III. INTER-NUMEROLOGY INTERFERENCE ANALYSIS
A. INI FROM NUMEROLOGY 1 WITH N1 TO
NUMEROLOGY 2 WITH N2 = N1/N
First, we consider the user 2 using numerology 2, which is
with smaller IFFT/FFT size N2.
Corollary 1: Using the proposed transceiver design for a

massive MIMO-OFDM based mixed numerologies SS trans-
mission, the user using the small numerology (i.e. smaller
IFFT/FFT size) is always protected by the ZF. Thus, we have:

ini(1,2)n = 0 n = 1, . . . ,N . (12)

Proof: If we activate only the dash-line block in Fig. 1,
all-zero signal is transmitted for user 2. As the ZF precoder
eliminates all MUI, at user 2, we receive only INI caused by
numerology 1. The transmission chain is shown on Fig. 5 (a).
One symbol modulated with numerology 1 corresponds to N
INI symbols for user 2. INI comes from the unequal size of
IFFT/FFT, which is indicated in Fig. 6 (a) where the FFTwin-
dow of numerology 2 is smaller than that of numerology 1.
If we consider the transmission between transmit antenna mt
and user 2, the n-th received symbol, in frequency domain,
can be expressed as:

y2,n,mt = G(1)W(1)
n Diag

(
hf(1)2,mt

) (
v(1)mt

)T
. (13)

where y2,n,mt ∈ C1×N2 is the received n-th symbol on user 2
with numerology 2, transmitting from the mt-th transmit
antenna. G(1)

= DFTN2 ∈ CN2×N2 , hf(1)2,mt
∈ C1×N1 is the

MIMO channel frequency response between mt-th transmit-
ting antenna and user 2. W(1)

n ∈ CN2×N1 is the n-th N2 × N1
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FIGURE 6. FFT windows and INI on the receiver side.

FIGURE 7. Structure of matrix W(1) and matrices W(1)
n . The blue dash

block is IDFTN1
, we rotate the last CP2 × N1 part above to get W(1) as

shown on the left side. Then, W(1)
n is the n-th N2 × N1 part of W(1) as the

red dash blocks shown on the right side.

part of matrix W(1), where W(1)
∈ CN1×N1 is a rotated

version ofmatrix IDFT. The structure ofmatrixW(1) is shown
on Fig. 7.

The INI from numerology 1 to numerology 2 can then be
seen as the summation of y2,n,mt in (13) over all transmitting
antennas. It is given by equation (14):

ini(1,2)n =

Mt∑
mt=1

y2,n,mt

=

Mt∑
mt=1

G(1)W(1)
n Diag

(
hf(1)2,mt

) (
v(1)mt

)T
= G(1)W(1)

n

N1∑
n1=1

Mt∑
mt=1

hf(1)2,mt
[n1]v(1)mt [n1]. (14)

According to (8), one can easily note that
∑Mt

mt=1
hf(1)2,mt

[n1]v
(1)
mt [n1] = 0, giving that,

ini(1,2)n = 0 n = 1, . . . ,N . (15)

Here, we demonstrate theoretically that there is no INI
from numerology 1 to numerology 2 as our proposed precod-
ing scheme protects all the subcarriers received by user 2.
Remark 1: Performance of users using small numerology

(IFFT/FFT size) are perfect in any configuration of SCS,
channel selectivity and power allocation.

Thus, unlike the SISO/classical MIMO, where INI is
occurred on small numerology (IFFT/FFT size) [20], [23],
using the proposed transceiver design for massive MIMO-
OFDM, the INI of users with small IFFT/FFT size is com-
pletely suppressed. This will enable the advancement of mas-
sive MIMO technology deployment in the next generation of
cellular networks.

In contrast to user 2, transmission of user 1 is not perfectly
protected by the ZF precoder, the INI analysis will be given
in the next part of this section.

B. INI FROM NUMEROLOGY 2 WITH N2 TO
NUMEROLOGY 1 WITH N1 = N × N2
In this section, we consider the received INI signal on user 1.
Corollary 2: By using the proposed precoding scheme in

massive MIMO-OFDMmixed numerologies SS transmission,
users using large numerology (i.e. larger IFFT/FFT size) are
not totally protected by the ZF precoders
Proof : If we activate only the solid-line block on Fig. 1,

zeros are transmitted for user 1. Fig. 5 (b) illustrates the
transmission in this case where zeros are prepared for user 1
and the received signal on user 1 is the INI caused by signal of
user 2. As N1 = N ×N2, N symbols with numerology 2 cor-
respond to one symbol with user 1. Fig. 6 (b) illustrates the
unequal FFT window on the receiver side which causes the
INI. The total INI is the summation of INI from each symbol
modulated with numerology 2 and can be expressed as:

ini(2,1) =
N∑
n=1

ini(2,1)n =

N∑
n=1

N2∑
n2=1

ini(2,1)n,n2 . (16)

where n = 1, ..,N , n2 = 1, . . . ,N2, ini(2,1)n is the influ-
ence from the n-th symbol with numerology2 and ini(2,1)n,n2 is
the influence from the n2-th subcarrier in n-th symbol with
numerology2. Similar as the previous section, if we concen-
trate on themt-th transmit antenna, the theoretical expression
of the received signal on user 1 can be derived as:

y1,n,mt

=


G(2)

1 W(2)
1 Diag

(
hf(1)1,mt

)
G(2)

2 W(2)
2

(
v(2,n)mt

)T
for n = 1,

G(2)
2 ID(2)

n W(2)
3 Diag

(
hf(1)1,mt

)
G(2)

2 W(2)
2

(
v(2,n)mt

)T
for n = 2, . . . ,N .

(17)

where y1,n,mt is the received INI caused by the n-th symbol
with numerology 2. hf(1)1,mt

∈ C1×N1 is the MIMO channel
frequency response between the mt-th transmitting antenna
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and user 1. All the other matrices in the expression are:

G(2)
1 =

[
0N1×CP1 DFTN1

]
∈ CN1×(N1+CP1),

G(2)
2 = DFTN1 ∈ CN1×N1 ,

W(2)
1 =

[
IDFTN1

0CP1×N1

]
∈ C(N1+CP1)×N1 ,

W(2)
3 = IDFTN1 ∈ CN1×N1 ,

ID(2)
n =

 0T1×(N1/2) 0T1×(N1/2)
IT2 0T2×(N1−T2)
0T3×(N1/2) 0T3×(N1/2)

 ∈ CN1×N1 .

for matrix ID(2)
n , we have

T1 = N1 − (N − n+ 1)(N2 + CP2),

T2 =

{
N2 + CP2 + D for n = 2, . . . ,N − 1

N2 + CP2 for n = N ,

T3=

{
(N − n)(N2+CP2)−D for n=2, . . . ,N − 1

(N − n)(N2 + CP2) for n = N .

(18)

The structure of matrix W(2)
2 ∈ CN1×N2 is shown on Fig.8.

FIGURE 8. Structure of matrix W(2)
2 with red dash box. The blue dot block

is IDFTN2
, we copy the last CP2 × N2 part above and add zeros below to

extend the dimension to N1 × N2.

The signal received on user 1 is the summation from all
transmit antennas, thus:

ini(2,1)n =

Mt∑
mt=1

y1,n,mt . (19)

From (17), we can rewrite (19):

ini(2,1)n =

Mt∑
mt=1

EnDiag
(
hf(1)1,mt

)
Z
(
v(2,n)mt

)T
. (20)

where

En ∈ CN1×N1 =

{
G(2)

1 W(2)
1 for n = 1,

G(2)
2 ID(2)

n W(2)
3 for n = 2, . . . ,N .

(21)

Z = G(2)
2 W(2)

2 ∈ CN1×N2 is identical for all symbols. Then,
the INI on n1-th subcarrier with numerology 1 from n-th
symbol with numerology 2 can be expressed as:

ini(2,1)n [n1]

=

N1∑
n′1=1

N2∑
n2=1

Mt∑
mt=1

En(n1, n′1)hf
(1)
1,mt

[n′1]Z(n
′

1, n2)v
(2,n)
mt [n2]

=

N1∑
n′1=1

N2∑
n2=1

En(n1, n′1)Z(n
′

1, n2)
Mt∑
mt=1

hf(1)1,mt
[n′1]v

(2,n)
mt [n2].

(22)

where n1 = 1, . . . ,N1, n′1 = 1, . . . ,N1, n2 = 1, . . . ,N2 and
mt = 1, . . . ,Mt .

According to the expression of ini(2,1)n in (22), (9) is
not satisfied due to the different frequency response of a

selective channel, hf(1)1,mt
[n1] 6= hf(2)1,mt

[n2], where n1 =
1, . . . ,N1, n2 = 1, . . . ,N2. We can conclude that in a selec-
tive channel, user 1 will suffer from INI caused by user 2.

Remark 2: In a constant channel, ini(2,1) is zero due to the
channel frequency response characteristic.

The two MIMO channels hf(1)1,mt
= FFT (ht1,mt ,N1) ∈

C1×N1 and hf(2)1,mt
= FFT (ht1,mt ,N2) ∈ C1×N2 are two fre-

quency responses of the same impulse response with different
length. When the channel is constant, we have:

hf(1)1,mt
[n1] = hf(2)1,mt

[n2]. (23)

where n1 = 1, ...N1, n2 = 1, ...N2.
From (9) and (23), all the elements inside the two fre-

quency response are equal. Then, for all subcarriers of user 1,
we have:

ini(2,1)n [n1]

=

N1∑
n′1=1

N2∑
n2=1

En(n1, n′1)Z(n
′

1, n2)
Mt∑
mt=1

hf(2)1,mt
[n2]v(2,n)mt [n2]

= 0. (24)

Unlike the SISO and classical MIMO systems, massive
MIMO is able to support mixed numerologies and no INI
is generated when the channel is flat-fading. This finding is
valid only for massive MIMO when the proposed transceiver
design is employed.
Remark 3: Channel selectivity and difference between N1

and N2 increase the ini(2,1).
When the channel is frequency-selective, vector hf(1)1,mt

is

the interpolation of vector hf(2)1,mt
. In a frequency-selective

channel, N − 1 values are added between every two points
in hf(2)1,mt to construct vector hf(1)1,mt

. From this characteristic,
we have:

hf(1)1,mt
[(n2 − 1)N + 1] = hf(2)1,mt

[n2]. (25)

where n2 = 1, ...N2.
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FIGURE 9. INI cancellation scheme at the BS, where there is INI computation after ZF of user 2 and the pre-calculated INI is suppressed for
user 1.

For the interference, we can first consider the n2-th subcar-
rier of the n-th symbol with numerology 2. Its impact on the
n1-th subcarrier with numerology 1 is derived in (22). From
(25) and (9), the influence of n2-th subcarrier is zero only
when n′1 = (n2 − 1)N + 1, because in this case, we have
hf(1)1,mr

[n1] = hf(2)1,mr
[n2]. For other values of n1 (n1 6= (n2 −

1)N + 1), the difference between hf(1)1,mr
[n1] and hf(2)1,mr

[n2]
has a close relationship with the channel selectivity and the
difference between N1 and N2. Greater selectivity and greater
difference between N1 and N2 cause greater difference on
the two channel frequency responses, which leads to greater
interference.
Remark 4: Power allocation for different users has a direct

influence on interference ini(2,1).
For the sake of simplicity and to focus on the INI analysis,

in this paper, we adopt a simple power allocation scheme,
where the power assigned to the mr -th user (pmr ) is pro-
portional to the inverse of its path-loss

√
αmr . The power

allocation for each user is:

P =
ρ

Mt
A−1. (26)

where ρ is a normalization factor which ensures that the
power constraint tr(P) = pTx is met. P = Diag(p1, . . . , pMr )
andA = Diag(α1, . . . , αmr ). Then, greater large-scale fading
in user mr leads to greater transmitting power for that user.

In our system, having two users with different path-loss,
the signals’ power after precoding satisfy:

p1
p2
=
tr(V(1))
tr(V(2))

=
α2

α1
. (27)

For example, if α2 < α1, which indicates that user 2 is
farther away from the BS than user 1. After the precoding,
we will have p2 > p1

(
tr(V(1)) > tr(V(2))

)
. From (17),

the received INI power on user 1 is proportional to the power
of V(2). That is to say, if user 2 is farther away from the BS,

i.e. α2 < α1, user 1 receive more INI because of the increased
transmitting power for user 2.

In summary, from the analysis in this section, one can
observe that, first, INI from numerology 2 with N2 to
numerology 1 with N × N2 occurs in our proposed system.
Then, in a frequency-selective channel, the INI increases due
to the difference in IFFT/FFT size, channel selectivity and
power allocation. We recall that the derived analytical INI
models (equation (14) and (20)) is valid only for massive
MIMO (i.e.Mt � Mr ), where the hypothesis in equation (8)
and (9) hold.

IV. INI CANCELLATION
As analysed in the previous sections, only numerology with
large IFFT/FFT size suffers from INI from numerologies with
small IFFT/FFT size. In this section, we introduce an INI
cancellation scheme with the aid of the analytical results
of INI presented in the previous sections. One of the main
idea in massive MIMO downlink transmission is to reduce
the complexity of the receiver while maintaining the good
transmission quality by doing all process at the BS [11]. Also,
in massive MIMO, the full channel state is only estimated
in the uplink transmission. For the downlink transmission,
the uplink channel estimation is used for the precoding, but
differences between the uplink and downlink channels are
adjusted by a reciprocity calibration process [28]. In this
regard, the proposed INI cancellation method implements
at the BS side, which does not add any complexity to the
receivers.

Fig. 9 shows the scheme of the proposed INI cancellation
method at the BS side. The main idea is to calculate the INI
from numerology 2 to numerology 1 in advance with the
knowledge of the MIMO channel response and signals after
precoding of user 2. Then, in the transmission part, instead of
transmitting s1, we transmit s̃1 = s1 − ini(2,1). This change
does not bring any INI at user 2, as we have demonstrated in
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TABLE 1. Complexity comparison.

section III.A, that our proposed transmission scheme protects
perfectly the transmission of user 2. In INI cancellation,
the transmit power pTx = pu + pini, where pu is the power
allocated for users and pini is the power for INI cancellation.
It is worth noting that ρ, in equation (26), is ajusted in order
to satisfy the constraint specified by the total transmit power
pTx while taking in account the pini. According to the several
conducted simulations, the pini is negligible compared to the
power allocated to users (pu) and it is worthwhile to mention
that this will lead to a negligible signal-to-noise (SNR) loss.

From analysis in section III.B, for each subcarrier of user 1,
the interference comes from all subcarriers of user 2, as we
can observe in the theoretical expression in equation (22),
a summation over N2 subcarriers. In fact, for subcarrier
n1 of user 1, although there is difference according to its
parity, the most part of the interference always corresponds
to subcarrier n2 =

⌈n1
2

⌉
and its neighbours. Fig. 10 (a)

and (b) show the normalized interference power occurred,
respectively, on subcarrier n1 = 500 and n1 = 501, versus
the user 2’s subcarrier index n2. Here, we consider N1 =

1024 and N2 = 512. It is clear that the main interference
comes approximately from the neighbours around subcarrier

n2 =
⌈n1
2

⌉
. Summation in (22) can thus be limited to few

subcarriers around n2 =
⌈n1
2

⌉
.

In the cancellation process, the estimated ini(2,1) of equa-
tion (22) can be computed over only several subcarriers on
numerology 2, as shown on these figures, two windows of
length L. This will reduce the complexity of the proposed
transceiver with INI cancellation.

With the configuration N1 = 1024,N2 = 512,Mt = 100
and Mr = 2, it is possible to assess the complexity of the
proposed INI cancellationmethod and it is given in TABLE 1.
For IFFT/FFT computational complexity, we have used the
complexity of the Radix-2 case [29]. For matrix inversion
(in computation of ZF precoding matrix), we have used
the computational complexity of Gauss-Jordan elimination
technique [30]. Here, we consider the number of complex
multiplications for each symbol of user 1 and an INI calcu-
lation window length L = 9. The complexity of the original
transmitter includes the complexity of the computation of two
ZF precoders, the two ZF precoding processing and the IFFT
stages, which are given in detail, for each part, in TABLE 1.

According to the results illustrated in TABLE 1, complex-
ity is influenced by the number of transmitting antennas at the
BS and the largest IFFT/FFT size. It is worth mentioning that

FIGURE 10. Interference on certain subcarriers of user 1. N1 = 1024,
N2 = 512.

the chosen window length (Fig.10) does not impact on the
complexity of our INI cancellation method. This is due to
the fact that the most impacted adjacent subcarriers remain
the same whether the channel selectivity changes or not.
In our configuration, the INI cancellation complexity repre-
sents 51.25% of the original transceiver design. Although the
INI cancellation increases the total complexity of the system,
but simulation results prove the high capability in eliminating
the INI, which will be shown in the next section.

What is more is that, the proposed INI cancellation scheme
can be adapted to any system using more than two numerolo-
gies. The computation of INI always starts from numerology
with the smallest IFFT/FFT size. Numerologywith the largest
IFFT/FFT size can be corrected by suppressing INIs from all
the other numerologies.

V. SIMULATION RESULTS
In this section, we evaluate the accuracy of the derived ana-
lytical expressions for INI in a mixed numerologies SS mas-
sive MIMO-OFDM downlink system. The BS is equipped
with Mt = 100 antennas and two single-antenna users
(Mr = 2) that are using two different numerologies but
sharing the same band. Two pairs of numerologies and
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four different channel models are considered. A 16-QAM
with Gray mapping is considered. We define the first pair
of numerologies with N1 = 1024,N2 = 512,CP1 =
72,CP2 = 36 and the second pair with N1 = 1024,N2 =

256,CP1 = 72,CP2 = 18. The time-domain channel
responses htmr,mt [d] = cd have i.i.d. circularly symmetric
Gaussian distributed values with zero mean and unit variance
where d = 1, . . . ,D. The four wireless channels are mod-
elled as a tap delay line withD = 1, 2, 8, 18 taps respectively.
It has to be noted that in all cases, the CP length are sufficient
to suppress the ISI induced by the channel.

To evaluate the INI, we first consider the transmission
without noise. We define the normalized mean-square error
(NMSE) as:

NMSEnum =
‖ ynum − snum ‖2

‖ snum ‖2
, num = 1, 2. (28)

We recall that ynum is the received symbols and snum is the
transmitted symbols.

TABLE 2. NMSE (dB) of user of interest with interfering numerology and
different channels.

The NMSE values in dB under different conditions for
the user of interest with the transmission system introduced
in this paper are shown on TABLE 2. Note that all simu-
lation results shown in TABLE 2 are with P1 = P2. One
can note on TABLE 2, that, transmissions for user 2 which
uses small IFFT/FFT size is always with the best quality
(NMSE value of around−300 dB), no matter what IFFT/FFT
size or channel selectivity. It has to be noted that the value
−300 dB is related to the fact that: (a) We have used floating
point operation on Matlab. (b) We have a very small number
of users (2 users in the simulations). When the number of
users increases, the degrees of freedom will decrease and
the NMSE values will be affected. Fixed point operation
together with imperfect channel estimation will also degrade
this NMSE. These results match perfectly with the analysis
done in section III.A showing that numerology 2 with small
IFFT/FFT size does not suffer from the INI from numerology
1. However, in a frequency-selective channel, when the dif-
ference between IFFT/FFT size increases, user 1 suffers more
INI from numerology 2. For example, for the same frequency-
selective channel with D = 2, the performance of user 1 is
worse when interference is from N2 = 256 than that from
N2 = 512 (4 dB difference). This difference may lead to
worse transmitting quality. Meanwhile, when we compare the

TABLE 3. Scenario parameters and simulation results on user 1.

performance of the same pair of N1 and N2 under different
channel selectivities, we can observe that the more selective
the channel is, the worse is the user1’s performance. For
N1 = 1024,N2 = 512, there is 10 dB of degradation under
channel D = 8 compared to channel D = 2 and 14 dB under
channel D = 18. For N1 = 1024,N2 = 256, the degradation
goes to 11 dB and 15 dB. These results confirm our analysis
in section III.B.

If we look at TABLE 2, the NMSE of INI is always very
small (-33 dB for the maximum value) and should have a
limited impact for classical SNRs. Nevertheless, it has to be
pointed out that these values are for users with same path-
loss: α1 = α2 (α1/α2 = 0 dB). If we consider a more realistic
scenario with the long time evolution (LTE) path-loss model
given by equation (29) [31]

Pathloss(dB) = 128.1+ 37.6log10(dk ) (29)

where dk is the distance from the BS in km. Then, values of
α1 and α2 will change.
From the analysis in previous sections and the simulation

results shown in TABLE 2, user 2 is performed with the best
quality, hence, in the following simulations, we focus on the
transmission of user 1. For example, in a scenario with a
cell radius equals to 1 km, we have the following path-loss
attenuations given in TABLE 3 sub-table (a), for different
user/BS distances.

TABLE 3 sub-table (b) shows the relationship between
path-loss and system performance, where the number of
channel taps D is fixed at D = 8.
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It can be seen that, user 1 suffers greater INI with the
growth of path-loss on user 2. Compared with TABLE 2,
when N1 = 1024,N2 = 512 and D = 8, there is degradation
of 20 dB when α1/α2 = 20 dB compared to α1/α2 = 0 dB.
This degradation increase to 23 dB and 26 dB when α1/α2 =
23 dB and α1/α2 = 26 dB. These results perfectly match our
analysis in section III.B. It can be also found in the lower sub-
table that, after the INI cancellation implemented at the BS,
transmission of user 1 performs as well as user 2, reaching
−300 dB for all values of path-loss.

To confirm the analysis of INI on user 1, Fig.11 presents the
bit error rate (BER) vs. Eb/N0 using N1 = 1024,N2 = 512
and D = 18.

FIGURE 11. BER performance with and without INI cancellation on
user 1. α1/α2 = 0,20,23 and 26 dB.

From Fig.11, we can observe that the performance of
user 1 is significantly declined when the path-loss of user 2
increases. For example, we can compare α1/α2 = 0 dB and
α1/α2 = 26 dB. When Eb/N0 = −3 dB, user 1 can archive
BER ≤ 10−6 when α1/α2 = 0 dB while the SER of user 1 is
larger than 10−4 when α1/α2 = 26 dB.
Also, in Fig. 11, the BER vs. Eb/N0 performance with

INI cancellation is presented for user 1 and user 2 with
different path-loss on user 2. N1 = 1024, N2 = 512. All
the dash lines represent the BER after the implementation
of the cancellation algorithm introduced in section IV. It can
be observed that the algorithm improves the performance
of user 1 under different path-loss cases. After the cancel-
lation, user 1 and user 2 have a negligible BER loss, even
when α1/α2 = 26 dB. We can also observe a slight BER
mismatch when the path-loss of user 2 becomes great (the
dash-blue curve), which is mainly caused by the introduced
INI cancellation power pini. However, as we explained in
section IV, this effect is negligible. Until now, we assume
that in all simulations, the BS knows perfectly the channel
state information (CSI). However, it is worth noticing that
the proposed INI cancellation method is as sensitive to the
imperfect CSI as the ZF precoder.

The simulations above give the results of a simple
cell where only two different numerologies are taken into

FIGURE 12. User distribution in a ring where BS is in the center. The inner
radius r1 = 200 m and the outer radius r2 = 1000 m. Mt = 100, Mr = 30.

consideration and each group using the same numerology has
only one user. In practice, each group can have several users
and there can be several groups in one cell. Fig. 12 gives a
diagram of a cell with Mt = 100, Mr = 30, where users are
uniformly distributed in the ring around the BS, with inner
radius r1 = 200 m and outer radius r2 = 1000 m. The thirty
users are divided into three groups, where Group 1 contains
user No. 1 to No. 10, Group 2 contains user No. 11 to
No. 20 and Group 3 contains user No. 21 to No. 30, using
three different numerologies with IFFT/FFT size of 1024,
512 and 256 respectively.

FIGURE 13. NMSE values for different users without considering the
path-loss. Group 1: user No.1 to No.10 with N1 = 1024. Group 2: user
No.11 to No.20 with N2 = 512. Group 3: user No.21 to No.30 with
N3 = 256. Channel taps D = 18.

Fig. 13 represents the INI between different users in the cell
using our proposed transceiver design regardless of path-loss
under a frequency-selective channel with D = 18, where the
x axis indicates the interfering user index, the y axis indicates
the user of interest (UoI) and the color indicates the NMSE
values of the UoI. We can observe that in most cases (the
dark-blue part), there is no INI between users. Especially,
for the users from group 3 (UoI No. 21 to No. 30) using
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IFFT/FFT size equals to 256, the other two groups do not
generate any INI on them. Beside, for the cases where INI
is generated, the NMSE values are around −35 dB (also
shown on TABLE 2, which is to say, there is no need of
implementing INI cancellation even they belong to different
numerologies if users have similar path-loss.

FIGURE 14. NMSE values for different users considering the path-loss
presented on Fig.12. Group 1: user No.1 to No.10 with N1 = 1024. Group
2: user No.11 to No.20 with N2 = 512. Group 3: user No.21 to No.30 with
N3 = 256. Channel taps D = 18.

However, if we take the path-loss of different users shown
on Fig.12 into consideration, the INI on each user changes.
Fig. 14 gives the different NMSE values on different UoI
belonging to different groups. As we can see on the figure,
several users are significantly impacted by other users (red
and orage points). For example, we can compare the different
INI impacts on UoI No. 1 from user No. 12 and No. 13,
where user No. 1 belongs to group 1 (N1 = 1024) while
user No. 12 and No. 13 belong to group 2 (N2 = 512). From
Fig. 14, it is clear that the INI generated from user No. 12 to
user No. 1 causes the NMSE value around -40 dB (blue point)
while INI from user No. 13 to user No. 1 causes the NMSE
value around -20 dB (red point). In this case, it is more neces-
sary to cancel the INI generated from user No.13 to user No.1.
The difference in path-loss between users makes the different
INI impact as the positions of the three users are illustrated on
Fig. 12, where user No.1 and user No.12 has similar path-loss
while No.1 and user No.13 has quite large difference in path-
loss. In conclusion, INI cancellation is interesting or even
mandatory to implement between two users belonging to two
different groups, while they have great difference in path-loss.

VI. CONCLUSION
In this paper, we first introduced a new transmitting scheme
designed for MU massive MIMO-OFDM based 5G which
supports different services using different numerologies
while sharing the same band, contrary to mixed numerologies
SISO and classical MIMO systems, where users use adjacent
frequency bands. Then, we investigated the performance of
this mixed numerologies inmassiveMIMO-OFDMdownlink

systems. For the occurring INI in the mixed numerologies
system, we derived theoretical expressions of the INI, which
were checked by simulations to guide the 5G system design
and parameters selection. We demonstrated that INI is gener-
ated only in frequency selective channels and only from users
with large SCS to users with small SCS. Besides, theoretical
INI analysis matches the simulation results showing that INI
depends on the difference in SCS, the channel selectivity
and the power allocation. Last but not least, based on the
developed close-form INI expressions, we proposed an INI
cancellation scheme which can suppress the INI at the BS
side without increasing the receiver’s complexity. The results
showed the ability of massive MIMO-OFDM system to sup-
port mixed numerologies transmissions while all users share
the same band to meet the requirements of the future wireless
communication.
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