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1.Introduction

* Local models versus global models

Hennig, 2000



* Unknown partition :
— Unobserved heterogeneity ; latent classes

— Simultaneous search for classes and models for
each class

* Pioneering works: typological methods (Diday,
1974) or clusterwise (Spath, 1979)



2. k-means like methods

2.1 Typological PCA

E. DIDAY

Introduction a I'analyse factorielle typologique
Revue de statistigue appliguée, tome 22, n° 4 (1974), p. 29-38.
<htipZ www.numdam.org/item ?id=RSA_1 EIT4_EE_4_EEI_D::-|
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« Simultaneous search of k subspaces with
minimal inertia , ie local factorial planes.
Dynamic clustering algorithm with factorial
planes as kernels »
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* Distance to the factorial plane instead of
distances to the barycenters

* Two types of updating

— Update criterium and partition after each
reallocation (true k-means ) « stochastic »
algorithm

— Update criterium and partition after a « pass » or
complete run of all observations « batch »
algorithm



2.2 Clusterwise regression

— For each class, fit a linear model by least
squares.

n K

SN L0y (e +Bx%))

=1 k=1

— The fit is always better than with the global model



— Ph.D. Christian Charles (1977):

* An application of dynamic clustering
— Step 1: define an initial partition and estimate k local models.

— Step 2: Each observation is reallocated to the cluster giving
the smallest regression residual ie the best prediction. Once
all observations being reallocated (or not) , replace the initial
partition

— Iterate step 1 and 2 until convergence

* Ridge or principal components regression for small
clusters.



— Spath (1979) coined the expression « clusterwise
regression » together with a Fortran package
* Same criterium
* Exchange algorithm (k-means)

Computing 22, 367—373 (1979) Computing

© by Springer-Verlag 1979

Algorithm 39
Clusterwise Linear Regression

H. Spith, Oldenburg
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3. Mixture models

Latent class regression
Proposed by DeSarbo & Cron (1988)

We assume y; is distributed as a finitc sum or mixture of conditional univari-
ate normal densities:

K
Yi~ ¥ M fu O | Xij, OF, bi) ©)
k=1

K
= ¥ M @rog) % exp [
k=1

(10)
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* Extension to Poisson regression :

— (Wedel & al. 1993), generalized local linear models (Wedel
& DeSarbo, 1995)

* Mainstream methodology: maximum likelihood
through EM algorithm



4. Two generalizations

4.1 Functional data

Prediction of Y with a functional variable :

x s
' ' « Y=amount of crop

X, = temperature

¢

0 ‘1 T time

p=

R.A.Fisher « The Influence of Rainfall on the Yield of Wheat at Rothamsted »
Philosophical Transactions of the Royal Society, B, 213, 89-142 (1924)



A T
* « Integral regression» Y = IO Pt X dt

. . . N p
instead of a finite sum Y = Z;'BJXJ'
J:
* |ll-posed problem (more variables than

observations)
* Preda & Saporta, 2005a: functional PLS regression

* Preda & Saporta, 2005b: clusterwise functional
regression.



Application to stock market data

* Growth index during 1 hour (between 10h and 11h)
of 84 shares at Paris Stock Exchange

Trajectoires Individu : 52




* How to predict a new share between 10h55
and 11h using data between 10h and 10h557
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e Exact computations need 1366 variables
(number of intervals where the 85 curves are constant)

Discretisation in 60 intervals.

* Global regressions: crash of share # 85 not
detected!
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Clusterwise PLS regression

e Four clusters (17;32;10;25)

 Number of PLS component for each cluster: 1; 3;2; 2
(cross-validation)

Groupe 1 Groupe 2
03 0.2
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0.14 0.0
0.0+ -0.11
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0 400 300 1200 1600 2000 2400 2800 3200 3600 0 400 800 1200160020002400280032003600
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0.2 0.21
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0.1
0.0
0.0
0.14
0.1 0.2
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0 400 800 1200160020002400280032003600 0 400 800 1200160020002400280032003600
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e Allocation to nearest cluster (n°1) and application of
of local model (PLS2)

M56(85) 157(85) Misg(85) 159 (85) Mg (85)|SSE

Observed | 0.700 0.678 0.659 0.516 -0.233| -
PLS(2) | 0312 0355 0377 0456 0.534]0.911
PLS(3) 0.620 0.637 0.677 0.781  0.880]1.295
PCR(3) 0.613 0.638 0.669 0.825 0.963(1.511
CW-PLS(3)| 0643 0.667 0.675 0482 0.2350.215
CW-PTSW@)| 0653 0723 0554 0052 -0.324[0.044
CW-PLS(5)| 0.723 0.685 0.687 0.431 -0.438(0.055
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4.2 Interval data

e Carvalhoetal., 2010 : a clusterwise generalization of
« center and range » regression for symbolic interval

data

e Example : 33 cars, two variables

Alfa 145
Alfa 156
Alfa 166
Aston Martin
Audi A3

(27806 : 33596 )
(41593 : 62291 )
(64499 : 88760 )
( 260500 : 460000 )
(40230 : 68838 )
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(1370:1910)
(1598 :2492)
(1970 :2959)
(5935 : 5935 )
(1595 :1781)
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e Center and range regression: two linear regressions
centers and mid-ranges stacked in a unique data
matrix, hence the predicted interval

e Clusterwise genralization:

— Minimize over partition and coefficients

K
= Z Z Ei(k))" Eik = Z Z [(€50x)) .’:1'{.[.:}?“- (2)
k=1ic P} k=1ic Py
K r 2 r p 2
— Z { y:': - (E[GA‘ + Z *"3_;'?-;,!;'] "L:_'j‘) + 'y; _ (-"j[?;-;.i:':u + Z -"3;[3:'] "L:j)] }
k=1ie Py, L . j=1 L . j=1

— Dynamic clustering algorithm
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Table 1. Fitted regression equations over the whole car interval-valued data set

K — partition|cluster k “Center Model” “Range Model”
1 1[4, = —98840.9 + 79.2 2] 3[;, = —341.4 + 60.9x]
2 1 Yy = —63462.2 + 59.6 1| y{y) = —4560.1 +47.1 z7
2 Uiz = —22836.5 + 68.8x1| gz = 34563.6 + 68.6 x]
1 g’,“.rl‘?l:l = —T77422.1 + 82.0 zf -gg"“ = 2220.7 4+ 92.2x]
3 2 |9, = —584BAT + 7115 g, = 101952.9 — 546.7 =]
3 |yfay = —73362.1 + 62.0x5| yls, = —0755.0 + 53.2 ]

Table 2. Determination coefficients for the fitted regression equations over the
whole car interval-valued data set

K-partition| 1 2 3
cluster k 1 1 2 1 2 3

Rfrm 0.9310.95(0.91{0.97(0.99|0.98
Rim; 0.53|0.79(0.66{0.98(0.98|0.83
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 Cross validation « 10 fold »

 Model aggregation: stacking (Breiman, 1996)
predictions of the K models

Table 3. Average Root-mean-sguare error for the combined estimates of the K
regression models

K -partition 1 2
RMSE; |96649.28 (13812.49)|90417.42 (13538.22)194993.75 (11376.24)
RMSEy |143416.6 (17294.02)]135471.4 (17027.49)1137825.9 (14243.29)

e The two-classes model seems the best
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5.Implementation issues

5.1 High dimensional data

* If the cluster size is less than p : no OLS solution for
local

* Regularized regression (ridge, pcr, pls ...)



5.2 ldentifiability of mixture models

e Cf Hennig (2000)

"Mixtures of linear regression models with Gaussian
noise are identifiable, if the number of components
K is smaller than the minimal number of

(feasible) hyperplanes necessary to cover all
covariate points (without intercept).”



5.3 Software

* Latent class regression

— Commercial:
 GLIMMIX * http://www.scienceplus.com/glimmix
e LatentGold 5.0 and XLSTAT-LG

— Free :

* Flexmix 2.3-13, january 2015 (Leisch, 2004)
* Mixmod

* Not to be confused with homonymous SAS or R procedures


http://www.scienceplus.com/glimmix

™ English B Company & Login  Q Search

-
7
x I S IAI PRODUCTS~ ORDER TRAINING & CONSULTANCY HELP CENTER FREE TRIAL

# Home Products = XLSTAT-LatentClass

XLSTAT-LatentClass

= DESCRIP #*# FEATURES & TUTORIALS €% SPECIFICATIONS

The XLSTAT-LatentClass Option (only for Windows
0S)

XLSTAT-LatentClass is a reduced version of Statistical Innovations' highly acclaimed
LatentGOLD® package, which can help you discover the segments hidden in your data.

Latent Class (LC) Cluster models and LC Regression models both offer unique features compared to
traditional clustering approaches. Unlike the ad-hoc clustering algorithms, LC is based on a formal
statistical model and provides probability-based classification, formal model selection criteria and optimal
: — handling of missing data.

XLSTAT-LatentClass offers a wide variety of easily implementable options that let users gain full control

e over the Latent Class models. For example, it is possible to include variables of different scales
(continuous, ordinal or nominal) within the same model and to use scoring equations to be able to
classify new cases into their most likely latent class as a function of the observed variables.

. Latent GOLD i1s a registered trademark of Statistical Innovations.
€235.00 Company/Private T

1 user | Annual

license
SHOW FEATURES VIEW ALL TUTORIALS

€145.00 Academic
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* Some clusterwise regression algorithms

— Simulated annealing (DeSarbo et al., 1989)

— VNS metaheuristics « Variable Neighbour Search »
(Caporossi & Hansen, 2005)

— Global optimization (Carbonneau et al., 2014)

* No systematic comparison, no simple package
available

* Multiblock clusterwise
— Package Rmbclusterwise (Bougeard, 2016)



5.4 How to predict new observations knowing
only the predictors

e « Hard » rule: allocate to the nearest cluster and
apply the relevant model

— How? Distance, knn etc.

* « Soft » rule: weighted average of the k
predictions

— Bayesian Model Averaging : weight = posterior
probabilities of each model given the
observation

 Random rule: according to posterior probabilities



* k-means clusterwise regression

— No technical difficulty if some kind of regularized
regression is used for small size clusters.

* Latent class regression

— Becomes tricky!

— In flexmix, posterior probabilities need the true

class

P(ile. . ) = — 4 W, 0;)
(1=, y.¢) gl O0)

“"We have no solution for this problem: Without y you cannot determine
the likelihood and hence not into which cluster the observation
belongs. You could calculate predictions for each cluster, but then

you have K answers, not one. “ (F.Leisch , personal communication)

ISI Marrakech, July 2017 30



6. Some experiments*®

6.1 criterium and algorithm

— RMSE

— stochastic algorithm with several passes of all
data (stopping rule if RMSE’s variation is less
than 1%) . Several random initialisations, best

one chosen by 10 fold CV.

* With N.Niang & S.Bougeard



6.2 Use of components

* Dimension reduction to avoid issues related to
small size clusters.

— Global components(Esposito-Vinzi et al., 2003,
2005) through PLS-DA

— Cluster dependent components for a better fit



* Local components
— K PLS regressions (subspaces)

— Posterior probabilities proportional to exp(-djz)
weighted by cluster sizes
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* CV-10 for choosing both the number of
clusters and the numbers of local components

* bayesian rule for «soft » predictions

90 =37, ()9, ()



6.3 Examples
 Example 1 : Spath data (1978) with added

S 4 i1 %z %3
1 962,0 60.0 18,0 1«0
e 230,00 220.0 0.0 140
3 1240,0 180,0 14.0 1.0
& B610.0 80,0 6,0 1.0
5 8590,0 120.0 l.C 10
6 SQ0,0 100.,0 2.0 1.0
T 820,0 170.0 6.0 1«0
8 880,0 110.0 12.0 1.0
9 850,0 160.0 7.0 1.0
10 T60,0 230.0 2.0 1.0
11 102o,0 T0.:0 17:0 1:0
iz 108c.0 120.0 15.0 1.0
13 96n,0 Z240.0 7.0 140
14 700,0 160.0 0.0 1.0
1% 800,0 90.n 12,0 1.0
16 1130,0 110.0 16.0 1.0
17 766,0 220,0 2.0 1.0
18 740.0 110.0 6.0 1.0
19 980,0 150.0 12.0 1.0
20 B8DO0,0 80.0 15.0 1.0
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Ten-fold RMSE / 2 cluster solution




Adjusted Rand
index
Intercept - Cluster
1

X1 - Cluster 1
X2 - Cluster 1
X3 - Cluster 1
Intercept - Cluster
2

X1 - Cluster 2
X2 - Cluster 2

X3 - Cluster 2

Expected

471,58
1,24
33,4

84,56
3,6
34,21

Flexmix

0,46

-4452,76
4,24
33,18

4453,06

3185,31
1,66
31,53
-2814,58

cw.pls(1) cw.pls(2)

-0,04 -0,05
666,44 258,02
0,72 2,70
0,06 35,20
0,00 0,00
860,18 306,74
1,63 1,90
0,06 28,28
0,00 0,00

cw.pls(3)
-0,04

237,47
2,78
35,98
0,00

260,70
2,06
30,60
0,00
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cw.pcaiv(l) cw.pcaiv(2) cw.pcaiv(3)

-0,04 -0,04 -0,04
260,70 260,70 237,47
2,06 2,06 2,78
30,60 30,60 35,98
0,00 0,00 0,00
237,47 237,47 260,70
2,78 2,78 2,06
35,98 35,98 30,60
0,00 0,00 0,00
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 Exemple 2: DeSarbo et al. 2005

106 s ANALYSIS AND MODELING

Table 19.1 Swnthetic Regression Data
X, X, X, X, X, Y
0905 1803 -1.201 ] 0,508 -37287
-1.268 L 0244 0Tle -2.261 -B254
0.135 0725 -0.511 1) e -1.551 11867
06587 0213 1.441 00Fag -0.352 10850
1.000 ~-0355 ~0660 0u0ra0 -1.544 -4733
0313 Do 0365 -6l 10063 12191
0.584 -L775 -1.102 1.843 -1.267 -25.508
-1.342 -0976 -1.38] 0290 1.525 -11.988
~0.159 -0132 0217 -1.643 -0.27T8 0533
1.089 [T 1.14% -1.138 -1.2049 15716
031 -0983 -1.4673 LR 1] -0.287 -14.4693
0.082 L] 1.068 -1.023 0.565 16370
-0.973 2377 ~1.989 1637 1.023 -14.245
-0.138 L1 e -0.967 0365 -0.535 6930
~ (LGS0 1.494 0040 ~DUIEE ~0.806 -1.560
1237 0475 2,000 0294 643 21104
0987 D3ED -1.701 0758 1.574 ~12.800
-1.78& LELZE 0,405 0545 ~0.448 -1.547
-1.330 -1.583 0606 0048 -0.137 -3435
-0.213 ~1.400 ~0.942 ] 0042 - Lhdd
-0.305 0531 627 Du0sE 0214 1152
-0.907 -0296 -0.528 -0423 ~0.603 -3425
~(05] -1.204 0.553 e 0373 4,460
0247 ~-0288 ~0.623 0T -1.285 -B167
-0.26] 1.024 -236] [N -1.183 e
-1.072 ~ 0044 0486 (IR 0.7E8 -2941
-0.179 0345 ~L655 2 R&D 2211 18.506
-0.777 ~0390 -1.587 (L1 1.438 14.03%
-1311 ~-0aT1 0715 0440 18] -0R25
0.145 03zl -1.310 0085 843 7317
=127 -1.133 ~0.148 DBAS ~0.007 B700
0.421 0147 -0.215 0075 —0.402 2020
1.088 -1352 -0.53] -0.172 ~0.048 0930
=1.210 ~0L100 -0.935 -0.142 -0.742 10174
0 1 NER 514 1 &5 i 146 14756
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2 clusters of 25 obs.
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Ten-fold RMSE - De Sarbo 2005 (2 clusters)
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Adjusted Rand index - De Sarbo 2005 (2 clusters)

1.0 - ° °

0.8

0.6 —

0.4

- T [ R

0.0 T

-0.2

Excellent performance of Flexmix which recovers the true clusters and
hence give good predictions but uses cluster information ...
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6.5 Overfitting

 Too many complete runs leads to overfitting,
like in NN

15

10-fold RMSE

Number of stochastic iterations



7. Conclusions

 Publications bias in favour of mixture models

* PLS components and cross validation efficient
for prediction

* Opposition between generative models and
prediction (Breiman, 2001)

— Two different goals (Saporta, 2008, Shmueli, 2010)

* Modelling versus prediction

— Criteria: goodness of fit versus prediction accuracy



In progress

e Easy extension to multivariate Y (PLS2 ...)

* Generalisation to multiblock regression (Niang
et al. , CARME 2015)

l_.P | . PX 1.q..Q

. |
1 ;
M,
- |
n Xl '”Xk“* Xh’. Xl nac .
. .
N - | = ~

— — — X=[X!] ... |XK]
X=[X!| . [XE]

and sparse PLS (Bougeard et al., PLS 2017)

| .. P! I PE 1.q..0
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