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1.Introduction

• Local models versus global models

Hennig, 2000
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• Unknown partition :

– Unobserved heterogeneity ; latent classes

– Simultaneous search for classes and models for 
each class

• Pioneering works: typological methods (Diday, 
1974) or clusterwise (Späth, 1979)
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2. k-means like methods

2.1 Typological PCA
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« Simultaneous search of k subspaces with
minimal inertia , ie local factorial planes. 
Dynamic clustering algorithm with factorial
planes as kernels »
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• Distance to the factorial plane instead of 
distances to the barycenters

• Two types of updating

– Update criterium and partition after each
reallocation (true k-means ) « stochastic » 
algorithm

– Update criterium and partition after a « pass » or 
complete run of all observations « batch » 
algorithm
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2.2 Clusterwise regression

– For each class, fit a linear model by least 
squares.

– The fit is always better than with the global model
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– Ph.D. Christian Charles (1977):

• An application of dynamic clustering
– Step 1: define an initial partition and estimate k local models. 

– Step 2: Each observation is reallocated to the cluster giving 
the smallest regression residual ie the best prediction. Once 
all observations being reallocated (or not) , replace the initial 
partition

– Iterate step 1 and 2 until convergence

• Ridge or principal components regression for small
clusters .
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– Späth (1979) coined the expression « clusterwise
regression » together with a Fortran package

• Same criterium

• Exchange algorithm (k-means)
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3. Mixture models

Latent class regression

Proposed by DeSarbo & Cron (1988)
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• Extension to Poisson regression :
– (Wedel & al. 1993), generalized local linear models (Wedel

& DeSarbo, 1995)

• Mainstream methodology:  maximum likelihood
through EM algorithm
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4. Two generalizations

4.1 Functional data

Prediction of Y with a functional variable :

Y= amount of crop

Xt = temperature

p= 

R.A.Fisher « The Influence of Rainfall  on the Yield of Wheat at Rothamsted »
Philosophical Transactions of the Royal Society, B, 213, 89-142 (1924)
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• « Integral regression »

instead of  a finite sum

• Ill-posed problem (more variables than
observations) 

• Preda & Saporta, 2005a: functional PLS regression

• Preda & Saporta, 2005b: clusterwise functional
regression. 
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Application to stock market data

• Growth index during 1 hour (between 10h and 11h) 
of 84 shares at Paris Stock Exchange
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• How to predict a new share between 10h55 
and 11h using data between 10h and 10h55?
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• Exact computations need 1366 variables 
(number of intervals where the 85 curves are constant)

Discretisation in 60 intervals. 

• Global regressions: crash of share # 85 not 
detected! 
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• Clusterwise PLS regression
• Four clusters (17;32;10;25) 

• Number of PLS component for each cluster: 1; 3; 2 ; 2  
(cross-validation)
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• Allocation to nearest cluster (n°1) and application of 
of local model  (PLS2)
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4.2 Interval data

• Carvalho et al. , 2010 : a clusterwise generalization of 
« center and range » regression for symbolic interval
data

• Example : 33 cars, two variables

car Y= Price X= Displacement

Alfa  145 ( 27806 : 33596 ) ( 1370 : 1910 )

Alfa  156 ( 41593 : 62291 ) ( 1598 : 2492 )

Alfa  166 ( 64499 : 88760 ) ( 1970 : 2959 )

Aston Martin ( 260500 : 460000 ) ( 5935 : 5935 )

Audi A3 ( 40230 : 68838 ) ( 1595 : 1781 )
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• Center and range regression: two linear regressions
centers and mid-ranges stacked in a unique data 
matrix, hence the predicted interval

• Clusterwise genralization:

– Minimize over partition and coefficients

– Dynamic clustering algorithm
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• Cross validation « 10 fold »

• Model aggregation: stacking (Breiman, 1996)  
predictions of the  K models

• The two-classes model seems the best 
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5.Implementation issues 

5.1 High dimensional data

• If the cluster size is less than p : no OLS solution for 
local

• Regularized regression (ridge, pcr, pls …)
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5.2 Identifiability of mixture models

• Cf Hennig (2000)

“Mixtures of linear regression models with Gaussian 
noise are identifiable, if the number of components 
K is smaller than the minimal number of 
(feasible) hyperplanes necessary to cover all 
covariate points (without intercept).” 
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5.3 Software

• Latent class regression
– Commercial: 

• GLIMMIX * http://www.scienceplus.com/glimmix

• LatentGold 5.0 and XLSTAT-LG

– Free :
• Flexmix 2.3-13 , january 2015 (Leisch, 2004)

• Mixmod

_______________________________________
* Not to be confused with homonymous SAS or R  procedures
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• Some clusterwise regression algorithms
– Simulated annealing (DeSarbo et al., 1989)

– VNS  metaheuristics « Variable Neighbour Search »  
(Caporossi & Hansen, 2005)

– Global optimization (Carbonneau et al., 2014)

• No systematic comparison, no simple package 
available

• Multiblock clusterwise

– Package R mbclusterwise (Bougeard, 2016)
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5.4 How to predict new observations knowing
only the predictors

• « Hard » rule: allocate to the nearest cluster and 
apply the relevant model

– How? Distance, knn etc.

• « Soft » rule: weighted average of the k 
predictions

– Bayesian Model Averaging : weight = posterior
probabilities of each model given the 
observation

• Random rule: according to posterior probabilities
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• k-means clusterwise regression

– No technical difficulty if some kind of regularized
regression is used for small size clusters.

• Latent class regression

– Becomes tricky!

– In flexmix, posterior probabilities need the true
class

“We have no solution for this problem: Without y you cannot determine
the likelihood and hence not into which cluster the observation
belongs. You could calculate predictions for each cluster, but then
you have K answers, not one. “ (F.Leisch , personal communication)
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6. Some experiments* 

6.1 criterium and algorithm

– RMSE

– stochastic algorithm with several passes of all 
data (stopping rule if  RMSE’s variation is less
than 1%) . Several random initialisations, best 
one chosen by 10 fold CV.

* With N.Niang & S.Bougeard
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6.2 Use of components

• Dimension reduction to avoid issues related to 
small size clusters. 

– Global components(Esposito-Vinzi et al., 2003, 
2005) through PLS-DA

– Cluster dependent components for a better fit
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• Local components

– K PLS regressions (subspaces)

– Posterior probabilities proportional to exp(-dj
2) 

weighted by cluster sizes
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• CV-10 for choosing both the number of 
clusters and the numbers of local components 

• bayesian rule for «soft » predictions
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6.3 Examples

• Example 1 : Späth data (1978) with added
noise
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Expected Flexmix cw.pls(1) cw.pls(2) cw.pls(3) cw.pcaiv(1) cw.pcaiv(2) cw.pcaiv(3)
Adjusted Rand 
index - 0,46 -0,04 -0,05 -0,04 -0,04 -0,04 -0,04
Intercept - Cluster 
1 471,58 -4452,76 666,44 258,02 237,47 260,70 260,70 237,47

X1 - Cluster 1 1,24 4,24 0,72 2,70 2,78 2,06 2,06 2,78
X2 - Cluster 1 33,4 33,18 0,06 35,20 35,98 30,60 30,60 35,98

X3 - Cluster 1 0 4453,06 0,00 0,00 0,00 0,00 0,00 0,00

Intercept - Cluster 
2 84,56 3185,31 860,18 306,74 260,70 237,47 237,47 260,70

X1 - Cluster 2 3,6 1,66 1,63 1,90 2,06 2,78 2,78 2,06

X2 - Cluster 2 34,21 31,53 0,06 28,28 30,60 35,98 35,98 30,60
X3 - Cluster 2 0 -2814,58 0,00 0,00 0,00 0,00 0,00 0,00
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• Exemple 2: DeSarbo et al. 2005

2 clusters of 25 obs.
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• Excellent  performance of Flexmix which recovers the true clusters and 
hence give good predictions but uses cluster information …
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6.5 Overfitting

• Too many complete runs leads to overfitting, 
like in NN
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7. Conclusions 

• Publications bias in favour of mixture models

• PLS components and cross validation efficient 
for prediction

• Opposition between generative models and 
prediction (Breiman, 2001)

– Two different goals (Saporta, 2008, Shmueli, 2010)

• Modelling versus prediction

– Criteria: goodness of fit versus prediction accuracy
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In progress

• Easy extension to multivariate Y (PLS2 …)

• Generalisation to multiblock regression (Niang 
et al. , CARME 2015)

and sparse PLS (Bougeard et al. , PLS 2017)
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