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Section 2 i s devoted t o the b i v a r i a t e case which i s o f t h e o r e t i c a l and p r a c t i c a l importance since many data sets are presented under the form o f two-dimensional c o n t i ngency tables, especially i n offici a l s t a t i s t i CS. An example concerni ng French a g r i c u l t u r a l land use i 11 ustrates the use o f correspondence and c l u s t e r analysis. In Section 3 we show t h a t the analysis o f a data s e t c o n s i s t i n g of n i ndi v i dual s described by p categori c a l variables may be performed by a v a r i a n t o f correspondence analysis which 1s i d e n t i c a l t o the p r i n c i p a l components o f scales proposed by [START_REF] Guttman | The q u a n t i f i c a t i o n o f a c l a s s o f a t t r i b e s : a theory and method o f s c a l e c o n s t r u c t i o n[END_REF]. An example i s given concerning expenditures o f consumers i n 17 European countries .

DESCRIPTION OF A CONTINGENCY TABLE

A L e t N be a two-dimensional contingency t a b l e w i t h elements ni , . , res u l t i n g from the c r o s s -c l a s s i f i c a t i o n o f two categorical variables , X, and X2 w i t h ml and m2 categories respectively; Dl = diag (ni) and D2 = diag (n .) are the diagonal matrices of row and column t o t a l s . J As an i l l u s t r a t i o n , consider the 22x9 array g i v i n g the d i s t r i b u t i o n o f a g r i c u l t u r a l land use i n 1979 f o r 22 French regions according t o 9 categories o f l a n d use o f ho1 dings. The items represented a t the top o f the t a b l e have the f o l lowing meaning: CERE: cereals, AGRG: other general a g r i c u l t u r e , VINE: vineyards, FRUIT: f r u i t , MILK: m i l k production (mainly) , MEAT: beef and veal m a t production (mainly) sHEEP.: sheep, AGSH: gënera a g r i c u l t u r e w i t h sheep. 1. A g r i c u l t u r a l land use f o r 22 French regions ( i n 000 ha.)

2.1. Simul taneous firaphical D i s p l ay o f Rows and Col umns One of the simples! ways o f presenting correspondence analysis i s the f o l l o w i n g method o f "reciprocal averaging" o r "dual s c a l i n g " ( H i l l , 1974;Nishisato, 1980). Suppose t h a t the 9 categories o f land use a r e displayed as p o i n t s w i t h coordinates b -(j=l,..9) over an axis. I t then seems naturat t o represent the i t h region by a p o i n t a i which i s the weighted mean o f the b j , where the weights are the condi t i o n a l frequencies n. ./ni.

1J

I n vector n o t a t i o n w i t h a = (a, . 

O f course the bare a r b i t r a r y scores b u t we may s k i p t h i s drawback i f we want conv$rsely the b j t o be centroids o f the a j w i t h weights n. ./n.

1J -1 b = D 2 N ' a - - (3) 
and by s u b s t i t u t i o n we w i 11 g e t two separate equations.

Unfortunately equations ( 2) and ( 3) do n o t h o l d simultaneously unless a11 coordinates are i d e n t i c a l which i s r a t h e r uninteresting: tfe cannot have a t the same time the b j ' s as means o f the a i ' s and vice-versa.

So we need weaker conditions:

where the constants a and 0 have t o be as close as possible t o one.

Then by s u b s t i t u t i n g we g e t wi t h A = (a@)-'

A a = D; ' N D;' NI ;
-The b e s t so less than 1 l u t i o n i s obta ( i gnori ng t h e i ned when choosi ng the 1 argest e i genvalue u n i t eigenvalue) .

The coordinates of rows and col umns are gi ven by the corresponding eigenvectors 2 and of the two matrices D" N D i 1 N and D : N i D i 1 N which are the products of the two arrays of conditional frequencies .

I t i s straightforward t o prove that a= p =A-and that the elimimination of the extraneous sol ution à ‹ = provides sol utions where rows and colums are of zero mean: So far we have obtained a one-dimensional display of the categories of the two variables x and x To obtain two-or higher dimensional plots we have just t o take the eigenvectors associated wi t h the second and t h i r d 1 argest non-uni t eigenvalues of equations (5), as the following subsection will demonstrate.

Connection w i t h Principal Components Analysis

Correspondence analysis i s nothing else than two separate b u t dual principal components analyses performed successi vely on the r w s and then on the columns of N. The difference from ordinary P.C.A. consists in using weights for both rows and columns of N.

Let us consider the array D i 1 N, that i s t o Say, the matrix of row frequencies associated w i t h N. Region i i s described by m2 variables (the row-frequencies) and must of course be weighted by i t s marginal frequency nidn. If we want t o apply P.C.A. to get a l mdimensional configuration of the 22 regions we have moreover t o specify some masure of distance between regions. In many respects the so-cal led chi-square distance [START_REF] Guttman | The q u a n t i f i c a t i o n o f a c l a s s o f a t t r i b e s : a theory and method o f s c a l e c o n s t r u c t i o n[END_REF] : i s preferable t o the usual one without the 2 terms since i t avoids n. the implici t discarding of categories w i t h sdall frequencies in computing the distance.

B u t the importance of the chi-square distance relies on the fol lowing property: the two possible P.C.A., for rows and for columns, are i n a s t r i c t duality when choosing chi-square distance for rows and for col umns respecti vely . Ã More precisely, in the f i r s t analysis the matri,x of weighted sums of squares and products i s

( D i 1 N ) ' Dl ( D i 1 N) = N t D i 1 N
Since we use the chi-square distance associated wi t h the quadratic form of matrix Di1, we have t o pre-mu1 tiply N I D , N by D i 1 t o get the matrix which has as i t s eigenvectors u the linear combinations providing the principal components, D i 1 N ' Di1. The values 'of the principal components or coordi nates al ong the pri nci pal axi s are thus given by -

a = D i 1 N u. Since - -' N u = Au D-' N i Dl - 1 we have D i 1 N D; N I -a = Ë -
The other P.C.A. cornes dwn to exchange the principal coordinates wi t h the principal components loadings.

Since the vectors of coordinates are principal components they are in a natural way normalized by: and the various eigenvectors of D i 1 N t D i 1 N are orthogonal: the scores of vari ous order are uncorrel ated vari ables. 2

The quantity ni ( a i ) A i s called the "contribution of the i t h

n category t o the eigenval ue" .

The reader will have noticed that the two P.C.A. are performed w i t hout setting to zero the means of the variables: once the trivial Solution ai = b -= 1,V i, j, i s discarded, the other solutions are necessari ly of zero-mean.

The simul taneous representation of rows and col umns of N i s therefore nothing else than the superposition of the two separate scatter-plots provided by the two P.C.A. I f we use only the f i r s t k ei'genvect%rs ( i n c l u d i n g the t r i v i a l s o l u t i o n ) we obtain the best approximation o f the array N by a m a t r i x o f rank k i n the f o l lowing sense:

then the aij are such t h a t they minimize:

2 S i n c e t r ( a f N ~; ~Ã ˆ@ ) = E 'ij , t h e s u m o f n o n t r i v i a l i j n, n 4 1 .
. J eigenval ues i s equal t o the Pearson's pz, i .e., t o the usual c h isquare s t a t i s ti c f o r tes t i ng the i ndependence d i v i ded by

The preceding properties show t h a t correspondence analysis i s a way of analyzing the s t r u c t u r e o f dependencies i n a contingency table. The scores and -b^) are p a i r s of a r t i f i c i a l variables each p a i r representing i n some sense a p a r t o f the association between xl and X2.

I t may be proved too t h a t the eigenvalue A, i s the squared c o r r e l a t i o n coefficient between the a r t i f i c i a l v a r i ables a(k1 and b^) (Hirschfeld, 1935).

--v

A correspondence analysis applied t o the data o f Table 1 gives the f o l 1 owi ng resul t s : cumulated e i genval ue percent percent Thus the f i r s t f o u r dimensions " e x t r a c t " near 90 percent o f the structure.

The decomposi t i o n o f the f i r s t f o u r eigenvalues according t o rows and columns (formula (8)) i s useful f o r i n t e r p r e t a t i v e purposes (Table 3). 
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-3 0 " Nevertheless t h e use o f addi t i o n a l v a r i a b l e s and addi t i o n a l cases may h e l p us t o t e s t hypotheses i n t h e f o l 1 owing way. Suppose we wonder i f a p a r t i c u l a r group o f i n d i v i d u a l s have a s p e c i a l behaviour which d i f f e r s from the average; i f t h a t group i s d e f i n e d by a category of a v a r i a b l e which was n o t p a r t o f t h e a n a l y s i s i t i s p o s s i b l e t o t e s t i f the mean value o f t h a t group f o r t h e various p r i n c i p a l components d i f f e r s s i gni f i c a n t l y from zero. The use of addi ti onal v a r i a b l e s i s a m a j o r p r a c t i c e i n t h e screening o f o p i n i o n surveys where one s p l i t s t h e v a r i a b l e s i n t o two groups. The f i r s t one, general l y t h e soci 01 ogi c a l and c u l t u r a l v a r i ables, i s processed by mu1 ti p l e correspondence a n a l y s i s , t h e second one w i t h t h e o p i n i o n v a r i ables i s p r o j e c t e d afterwards upon t h e p r i n c i p a l axes a l 1 owi ng a fonn of c a t e g o r i c a l regression (Lebart e t al., 1977).

r+ 3- m n c 0 ) A. ^ -s 2 01 r+ 0 -3 L n 2. < m L n . .
(0 - m m s L n < " 01 -m c 0 ) m 0 O 3- r+ S 3-a.
Are correspondence a n a l y s i s and mu1 ti p l e correspondence a n a l y s i s r e a l l y mu1 t i v a r i a t e techniques? A t f i r s t glance they are, and from two d i f f e r e n t p o i n t s of view. The f i r s t one i s t h a t we use several dimensions, i .e., several p r i n c i p a l components f o r d e s c r i b i n g the data, and t h e second i s t h a t data are mu1 tidimensional ( f o r mu1 t i p l e correspondence a n a l y s i s ) .

O f course one may q u e s t i o n t h e advantage o f t a k i n g more than one s o l u t i o n t o t h e e i genequations ( 5 ) o r ( l 4 ) t f o r t h e s t a t i s t i c a l meaning o f suboptimal s o l u t i o n s i s n o t obvious. Our answer i s t h a t a l 1 these analyses t r y , as a m a t t e r o f f a c t , t o r e c o n s t r u c t dfistances between o b j e c t s (rows o r columns) and t h a t t h i s i s n o t p o s s i b l e wi t h a s i n g l e dimension.

However, even f o r m u l t i p l e correspondence a n a l y s i s t h e t r u e m u l t iv a r i a t e nature o f data i s n o t used b u t o n l y i t s bidimensional f a c e t s .

As G i f i (1981, p. 50) p o i n t s o u t these techniques are e s s e n t i a l l y b i v a r i a t e f o r they " g i v e the same r e s u l t s i f we apply them t o ano t h e r mu1 ti v a r i a t e d i s t r i b u t i o n w i t h t h e same b i v a r i a t e marginals", t h a t i s t o Say, i n Our c o n t e x t o f c a t e g o r i c a l v a r i a b l e s w i t h t h e same 2x2 contingency t a b l e s . This i s c l e a r i n equation ( 18). This i s c e r t a i n l y a l i m i t a t i o n b u t t h e counterpart i s t h a t these techniques may process a very l a r g e number o f v a r i a b l e s .

F i na1 l y , though these techniques may be appl i e d wi t h o u t d i f f i c u l t y t o s p a t i a l data, t h e r e i s a need f o r f u r t h e r extensions. When i nd i v i d u a l s a r e s p a t i a l u n i t s , t h e assumption o f independence between them i s c e r t a i n l y inadequate and t h e phenomenon o f s p a t i a l c o r r e la t i o n due t o c o n t i n g u i t y must be taken i n t o account.

  t h the s i g n o f the coordinate)

  t h e r words t h e s i m i l a r i t y between i and i 1 f o r v a r i a b l e x i s g r e a t e r i f i and i ' belong b o t h t o an uncommon category than i f i 3nd i ' belong t o a commonone.This seems t o be a n i c e p r o p e r t y f o r c a t e g o r i c a l v a r i a b l e s . u r e 4 . A t r e e d i agram o f n a t i o n s 4. CONCLUS ION The techniques described above are, o f course, only expl o r a t o r y .
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 2 Resul t s o f correspondence analysis