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USE AND OEFINITION*OF.QUANTIFICATIOH

By * q u a n t i f i c a t i o n m à t h e worda " s c a l i n g m o r "scoring" a r e a i s o o f t e n usedl w e m a n a transformation of ana o r s e v a t a l c a t e g o r ic a l v a r i a b l e s i n t o numarical ones, Bafore d e s c r i b i n g t h e way t a achleve a q u a n t i f i c a t i o n (and t h e problema i t involvesi i t l a necessary t o argue about t h e r a t i o n a l e o f t h i s approach.

1) Q u a n t i f i c a t i o n : a davice o r a fundamantal rothoci ? a ) Numerical mathods f o r d a t a which a r e not numarical.

The main consequence of quantifying q u a l i t a t i v e v a r i a b l e s 1s t o allow t h e use of usual s t a t l s t i c a l techniques such as p r i nc i p a l coirponents a n a l y s l s , muitiple r e g r e s s i o n o r d i s c r i m i n a n t a n a l y s l s f o r i n s t a n c e . by coming down t o t h e usual s i t u a t i o n o f numerical v a r i a b l e s .

That convenience waa during a long tifna t h e oniy j u s t i f i c a t i o n of t h e q u a n t i f i c a t i o n techniques, what may seem a somwhat poor argument from a t h e o r e t i c a l p o i n t of view ; i s n ' t i t by lack of imagination o r l a z i n e s s t h a t one does not develop mathods which would be f i t t e d t o t h e q u a l i t a t i v e n a t u r e of data ?

Let us notice here t h a t t h e q u a n t i f i c a t i o n 1s a way of process i n g v a r i a b l e s of d i f f e r e n t kinds (nuinarical and c a t e g o r i c a l ) by g i v i n g t h e same p o r t t o e a c h v a r i a b l e . L e t u s s u p p o s e t h a t we have a f i r s t set of m numerical v a r i a b l e s x , . . . xn a n d a second set of f q u a l i t a t i v e v a r i a b l e s xi, x . ...... x and t h a t M B want t o make a d e s c r i p t i v e d a t a a n a f y s i s o f a i l t h e im+p) v a r i a b l e s by maans o f a c o n p o n e n t -l i k e a n a l y s i s ? There a r e a c t u a l l y f o u r p o s s i b i l i t i e s , t h e f i r s t two g i v i n g non s y m m s t r i c a l p a r t s t o t h e two sets : -Perform a p r i n c i p a l component a n a l y s i s w i t h t h e x j=1,2,..m and u s e t h e Xk a s a d d i t i o n a l v a r i a b l e s by r e p r e s e h i n g t h e c a t e g o r i e s o f e a c h x by t h e a v e r a g e s o f t h e i n d i v i d u a l s which b e l o n g s t o them . &e have h e r e a r e p r e s e n t a t i o n o f t h e xL i n t h e s p a c e o f t h e i n d i v i d u a l s .

-P e r f o r m a m u l t i p l e c o r r e s p o n d e n c e a n a l y s i s o f t h e xk and u s e t h e x a s a d d i t i o n a l v a r i a b l e s by computing t h e c o r r el a t i o n c o e f f i c i e n t o f t h e x w i t h t h e p r i n c i p a l components.

. l

The r e p r e s e n t a t i o n o f the x is h e r e i n t h e s p a c e o f . v a r i a b l e s . J -S p l i t i n t o c a t e g o r i e s t h e n u m r i c a l v a r i a b l e s and perforrn a m u l t i p l e correspondence a n a l y s i s w i t h fm+p) q u a l i t a t i v e v a r i a b l e s .

-Q u a n t i f y t h e X i n t o xx and perform a p r i n c i p a l c o n p o n e n t s a n a l y s i s w i t h h * p ) n u h a r i c a l v a r i a b l e s .

T h i s l a s t p o s s i b l l i t y i s what we proposed above i t h e t h i r d

o n e seema d i f f e r e n t b u t we w i l l s a e t h a t 1t is a l s o a q u a n t if i c a t i o n t e c h n i q u e .

b l R u l t l v a r i a t e a n a l y a i s a s q u a n t i f i c a t i o n t e c h n i q u e s .

A c t u a l l y many c l a s s i c a l methods which are d e a l i n g w i t h c a t eg o r i c a l v a r i a b l e s may b e c o n s i d e r e d a s q u a n t i f i c a t i o n t e c h n i -ClUeS.

F o r i n s t a n c e a n a l y s i s o f v a r i a n c e o r c o v a r i a n c e are perforrni n g q u a n t i f i c a t i o n o f t h e nominal " f a c t o r s o f v a r i a b l l i t y " when e s t i i w t i n g t h e e f f e c t s upon t h e dependent v a r i a b l e ( i n t h e c a s e o f t h e n o -i n t e r a c t i o n modal). C a n o n i c a l d i s c r i m i n a n t a n a l y s i a 1s merely a r e g r e s s i o n of t h e q u a n t i f i e d groupv a r i a b l e upon a s e t o f p r e d i c t o r s w i t h a n "optimal" q u a n t i f ic a t i o n i .es g i v i n g t h e l a r g e s t d e t e r m i n a t i o n c o e f f i c i e n t among a l 1 p o s s i b l e q u a n t i f i c a t i o n s (599 f o r i n s t a n c e M c Donald and C a i l l i e z -P a g e s ) .

Furthermore a n y multidiniensional s c a l i n g method f o r q u a l i t at i v e v a r i a b l e s (such a s c o r r e s p o n d a n c e a n a l y a i s ) which g i v e s c n o r d t n a t e s f o r t h e c a t e g o r i e s of a set o f q u a l i t a t i v e v a r i ab l e s i s i n f a c t a m u l t i d i m n s i o n a l q u a n t i f i c a t i o n t e c h n i q u e : I n m a t c a s e s , t h e s t u d y of l i n e a r r e l a t i o n s h i p s 1s n o t s u f f i c i e n t and a n o n -l i n e a r a n a l y s i s 1s a c t u a l l y n e c e s s a r y .

The q u a n t i f i c a t i o n o f q u a l i t a t i v e v a r i a b l e s p r o v i d e s an approx i m a t i o n o f non l i n e a r a n a l y s i s : l e t u s t r a n s f o r m a numerical v a r i a b l e x i n t o a q u a l i t a t i v e one X by s i m p l y s p l i t t i n g i n t o c l a s s e 1 t h e set o f its v a l u e s and t h e n -l e t us q u a n t i f y X i n t o x .

The set o f a l 1 p o s s i b l e q u a n t i f i c a t i o n s of X i s a n epproximat i o n . by p i e c e w i s e c o n s t a n t f u n c t i o n s , of t h e s e t of a l 1 f u n c t i o n s o f x f ( X I .

As t h e s t u d y o f l i n e a r r e l a t i o n s h i p s between any f u n c t i o n s f i x ) and g f y ) o f two v a r i a b l e s x and y 1s n o t h i n g e l s e t h a n t h e s t u d y o f n o n -l i n e a r r e l a t i o n s h i p s between x and y. we t h e r e f o r e g e t a t o o l f o r non l i n e a r m u l t i v a r i a t e a n a l y s i s (Masson). I n t a c t i t 1s p o s s i b l e t o d e f i n e l e s s s i m p l e t r a n s f o r m a t i o n of v a r i a b l e s t o g e t non-l à ® n e a r t y , s u c h a s t r a n s f o r m a t i o n by s p l i n e -f u n c t i o n s of h i g h e r o r d e r ( s p l i t t i n g a n d q u a n t i f y i n g i s e q u i v a l e n t t o s p l i n e s of d e g r e e z e r o ) (Van R i j c k e v o r s e l and De Leeuw. Lafaye d e Michaux), b u t i t $9 e l i g h t l y more c o n p l i c a t e d ( s p l i n e f u n c t i o n s a r e a k i n d of r e g u l a r f u n c t i o n s , v e r y p o p u l a r i n t h e f i e l d of I n t e r p o l at i o n ) .

A s Oauxois and P o u s s e q u o t e d i t , t h e s e t e c h n i q u e s a r e n o t p u r e l y n o n -l i n e a r b u t o n l y e e m i -l i n e a r i n t h e f o l l o w i n g

x s e n s e : i f WB u s e t r a n s f o r m e d v a r i a b l e s x i n s t e a d of raw v i a b l e x i n a multidimenaionaJ a n a l y s j s w e w i l l d e a l w i t h l i n e a r c o i r t i i n a t i o n s o f t h e x b u t n o t w i t h any funct i o n s o f t h e x j 5 * 21 now t o q u a n t i f y ?

I f we accept q u a n t i f i c a t i o n a s a j u s t i f i a b l e p r a c t i c e we have however t o make c l e a r some p o i n t s such a s ; airoog a l 1 p o s s ib l e q u a n t i f i c a t i o n s o f a v a r i a b l e how much must we choose and according t o which c r i t e r i a 7

a l Q u a n t i f i c a t i o n and type of v a r i a b l e s When a q u a l i t a t i v e v a r i a b l e X 1s p u r e l y nominal (without any s t r u c t u r e upon ttie s e t of i t s c a t e g u r i e s ) a q u a n t i f i c a t i o n i s a transformation of X i n t o a d i s c r e t e numarical v a r i a b l e I n m s t c a s e s t h e q u a n t i f i c a t i o n of a q u a l i t a t i v e v a r i a b l e i n v o l v e s t h e a s s i g n m n t of a s i n g l e numarical value t o each category. F.W. Young and h i 8 team have a t t r a c t e d n o t i c e t o t h e d l f f e r e n c e betweon t h e underlying process and t h e m a s u r ement l e v e l : f o r i n s t a n c e a phenomenon may be continuous (wave-length f o r c o l o u r p e r c e p t i o n ) and t h e o b s e r v a t i o n d i s c r e t e ( c o l o u r i . So why q u a n t i f y a category by a s i n g l e value 7 A more general q u a n t i f i c a t i o n implies t h a t a category may be r e p r e s e n t e d by an i n t e r v a l o f values, t h e d i f f e r e n t i n t e r v a l s being a p a r t i t i o n of an i n t e r v a l of R.

For o r d i n a l measurements a s a o c i a t e d t o continuous p r o c e s s ttiere is, i n a d d i t i o n a c o n s t r a i n t t o o n t e r f o r t h e i n t e r v a l s .

W e may n o t i c e t h a t we a r e loohing i n f a c t f o r a q u a n t i f i c at i o n of o b s e r v a t i o n s more than of c a t e g o r i e s . Apart of t h e techniques proposed by Young, iJe Leeuw and Tahane. q u a n t i f ic a t i o n with i n t e r v a l s 1s not widely used and we w i l l not r e f e r t o i t I n t h e remaining of t h i s papes.

bl Hathematical formulation of q u a n t i f i c a t i o n .

L e t X be a q u a l i t a t i v e v a r i a b l e with rn c a t e g o r i e s and E t h e s e t of i ts c a t e g o r i e s .

1 I f Q l a t h e usual universe, X 1s a mapping of R onto E.

A q u a n t i f i c a t i o n of M 1s d e f i n e d by a mapping a o f E o n t 0 R;

t h e q u a n t i f i e d v a r i a b l e being a O X :

The v a r i a b l e aoX t a h e s only a t most m values a... a . , . .. a correaponding t o t h e m c a t e g o r i e s of K . m I f we i n t r o d u c e t h 8 m following i n d i c a t o r v a r i a b l e 6 of t h e c a t e g o r i e s 11 j = 1.2, . . . , m such t h a t :

s 1 i f X (lit" ' j "@) "b i f not s f o r w e Q
WB have t h e elemantary b u t c a p i t a l r e s u l t ; t h e q u a n t i f i e d v a r i a b l e aoK 1s nothing e l s e than t h e l i n e a r conibination o f t h e i n d i c a t o r v a r i a b l e s defined by t h e s c o r e s a, :

l h e r e f o r e t h e q u a n t i f i c a t i o n o f v a r i a b l e s belongs t o t h e f i e l d of l i n e a r m l t i d i m n s i o n a l a n a l y s i s . I f t h e r e t a no r e s t r i c t i o n upon t h e s c o r e s a i p u r e l y nominal v a r i a b l e s ) t h e s e t of numerical v a r i a b l e s wliich a r e E J q u a n t i -

f i c a t i o n o f X is a c l o s e d s u b s e t of d i m n s i o n m of L [il),
t h e v e c t o r subspace spanned by t h e II .Io 1 I f X is an o r d i n a l v a r i a b l e with t h e n a t u r a i o r d e r upon i t s c a t e g o r i e s a q u a n t i f i c a t i o n of X must v e r i f y a l < a 2 <.. < a . l T h i s s e t o f c o n s t r a i n t a may be w r i t t e n a s follows with t h e 
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Fhe s e t of a i l p o s s i b l e q u a n t i f i c a t i o n s of X w i t h t h e n r d e r r e s t r i c t i o n i s t h u s t h e p o l y e d r i c convex cone t h e v a r i a b l e s 11 j I f t h e v a r i a b l e X has he& observed upon n i n d i v i d u a l s we have t h e following matrix r e p r e s e n t a t i o n of t h e d a t a and o f t h e q u a n t i f i c a t i o n :

f o r a p u r e l y nominal v a r i a b l e X may be r e p r e s e n t e d a s t h e m a t r i x w i t h n rows and rn columns of t h e i n d i c a t o r v a r i a b l e s . /O100 1

x A numerical v a r i a b l e 2 obtained by a q u a n t i f i c a - For nominal v a r i a b l e s t h e aquivalence between a q u a n t i f i c at i o n and a l i n e a r combination of i n d i c a t o r v a r i a b l e s shows t h a t t h e study of r e l a t i o n s h i p s between a s e t o f q u a n t i f i e d v a r i a b k ~ cones down t o c a n o n i c a l a n a l y s i s p r o b l e m f o r i t 1s noChing e l s e than t h e study of l i n e a r r e l a t i o n s betwaen s e t s of numerical v a r i a b l e s ( t a k i n g o n l y values 0 o r I I .

x is expressed by 5 -X 3 where 5 r) is t h e v e c
cl Uni o r multidimensional q u a n t i f i c a t i o n ?

A s t h e s e t of a l 1 p o s s i b l e q u a n t i f i c a t i o n s of a q u a l i t a t i v e v a r i a b l e 1s n o t of dimension one. i t nay be necessary t o use s e v e r a l q u a n t i f i c a t i o n s I n o r d a r t o d e s c r i b e a s i n g l e q u a l it a t i v e v a r i a b l e . Thus i t 1s not obvious t h a t a nominal v a r i ab l e may be reduced t o a s i n g l e dimension J correspondence a n a l y s i s o f contingency t a b l e s i s an example o f such a s i t u a t i o n : we g e t two sequences of q u a n t i f i c a t i o n s f o r t a k i n g i n t o account t h e clependency between t h e two c r o s sc l a s s i Fied v a r i a b l e s .

I n m n y c a s e s , however, t h e c o i q ~l e x i t y of a m u l t i d i n e n s i o n a l q u a n t i f i c a t i o n may be c o n s i d e r e d as a drawback and t h e p r a c t i t i o n e r would l i k e t o s a t i s f y himself w i t h a s i n g l e q u a n t i f i c a t i o n but t h i s l e a d s t o soins d i f f i c u l t i e s , a s we w l l l s e s below. except f o r two s i t u a t i o n s . The f i r s t one 1s t h a t of p r e d i c t i o n problems where t h e r e 1s o n l y one b e s t p o s s i b l e q u a n t i f i c a t i o n and t h e second one l a t h a t o f o r d i n a l v a r i a b l e s i n d e s c r i p t i v e s t u d i e s : niultidinienslonal q u a n t if i c a t i o n s a r e g e n e r a l l y a b t a i n e d by s e a r c h o f orthogonal b a s i s ( u n c o r r e l a t e d v a r i a b l e s ) . But. i f we have a t o t a l o r d e r upon t h e c e t e g o r i e s of X, t h e admissible q u a n t i f i c a t i o n s o f zero m a n belong t o t h e cone en 1 ! when a v a r i a b l e x belongs t o t h i s cone. t h e v a r i a b l e s which a r e orthogonal t o x do not belong t o t h e cons and do n o t f i l 1 t h e o r d e r r e s t r i c t i o n s .

d l "Optimaln q u a n t i f i c a t i o n .

l n o r d e r t o q u a n t i f y q u a l i t a t i v e v a r i a b l e s WB t h u s have t o r e s p e c t t h e n a t u r e of t h e v a r i a b l e s b u t t h e r e remains an P i n f i n i t e nuntier of p o s s i b l e q u a n t i f i c a t i o n s : q u a n t i f i c a t i o n 1s i n ~a n i n g f u l only i f WB have a p m c h aim which c o n s i s t a e e n e r a l l y i n t h e maximieation of s o m c r i t e r i u m o f f i t . For
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i n s t a n c e i f we d e a l only with two nominal v a r i a b l e s , i t eeems n a t u r a l t h a t t h e two q u a n t i f i a d v a r i a b l e s should be maximally c o r r e l a t e d what allows the b e s t p r e d i c t i o n of one by t h a o t h e r i n t h e l e a s t -s q u a r e sense.

I n t h e s a m way i f we have t o p r e d i c t one v a r i a b l e [ q u a l i t at i v e tir n o t l by s e v e r a l v a r i a b l e s which may al80 be q u a l i t at i v e o r n o t , t h e r e i s a n a t u r a l c r i t e r i u m of q u a n t i f i c a t i o n :

t h e maximisation of t h e s q u a r e c o r r e l a t i o n between t h e dependent ( p o s s i b l y q u a n t i f i e d l and a l i n e a r combination of t h e ( p o s s i b l y q u a n t i f i e d ) explanatory ones.

But i f we have t o q u a n t i f y simultaneoualy mora than two nominal v a r i d b l e ~ without an e x t e r n a l dependent v a r i a b l e . t h e r e 1s no unique c r i t e r i u m and t h e r e w i l l be many "optimal" 1 q a n t i i c a t i o a we w i l l s e e i n t h e n e x t p a r t .

1 II.SIf'lULTANEDlJS QUANTIFICATION OF SEVERAL OUALITATIVE VARIABLES 1 1 11 The c a s e o f two v a r i a b l e s Analyzing contingency t a b l e s by m a n % of a q u a n . t l f i c a t i o n of t h e m r g i n s 1s very c l a s s i c a l and l e a d s t o an unique s o l ut i o n , whatever l a t h e c r i t e r i u m , t h a t one g i v e s by correspondence a n a l y s i s o r by canonical a n a l y s i s .

Without d i s c u s s i n g about r a t h e r u n i n t e r e s t i n g q u e s t i o n s o f a n t e r i o r i t y . i t seems i n s t r u c t i v e t o remind b r i e f l y cf t h e 1 d i f f e r e n t p o i n t s o f view appeared along t h e years. He t h e n provea t h a t f o r an a r r a y of s i z e (m.pJ, t h e r e e x i s t a min ( ( p -l l 8 tm-11) orthogonal s o l u t i o n s and g i v e s t h e equal l t y between t h e Pearson's 0 and t h e sum of s q u a r e s of c o r r a l ~t i o n between t h e p a i r s of q u a n t i f i e d v a r i a b l e s .

G. Sapor fa ~ulfidimensi~ttal Data dnalysis

This r e s u l t remained a p p a r e n t l y ignored during more than twenty y e a r s u n t i l t h e work of Lancaster tlQ50) who g e n e r a l ized i t t o c o n t i n m u s v a r i a b l e s and made t h e s y n t h e s i s o f t h e papers o f F i s h e r (19401 naung t19411 and Williams (18521.

F i s h e r i n t r o d u c e d t h e q u 8 n t i f i c a t I o n i n o r d e r t o apply h i s l i n e a r d i s c r i m i n a n t f u n c t i o n when t h e p r e d i c t o r is i t s e l f n o d n a l and s e t t l e d t h e equivalence with H o t e l l i n g ' s canonic a l a n a l y s i s . H i s a l g o r i t h m t o g e t t h e sinntltaneous q u a n t if i c a t i o n i s i n t e r e s t i n g by i t s c l o s e n e s s t o H i r s c h f e l d ' s problem and t o t h e a l t e r n a t e l e a s t squares m t h o d of Young, De Leeuw and Tahane : i n a f i r s t s t e p we g i v e an a r b i t r a r y q u a n t i f i c a t i o n ta one v a r i a b l e , then t h e second v a r i a b l e i s q u a n t i f i e d a c c o r d i n g t a t h e means of t h e f l r s t i n each of i t s c a t e g o r i e s . The f i r s t v a r i a b l e i s now q u a n t i f i e d a g a i n according t o t h i s p r i n c i p l e of " r e c i p m c a l averaging" ( H i l l ) , & p a r t from a f a c t o r of n o m l i z a t i o n t o avoid degenerate s o l u t i o n , and BO on u n t i l convergence [due t o t h e f a c t t h a t a t t h e optimum t h e two q u a n t i f i e d v a r i a b l e s have both l i n e a r r e g r e s s i o n e ) .

Formally t h e s o l u t i o n 1s given by t h e canonical a n a l y s i s of t h e two s e t s of i n d i c a t o r v a r i a b l e s X and X2 : t h e q u a n t i f i e d 2) The c a s e o f p noMnal v a r i a b l e s

The simultaneous q u a n t i f i c a t i o n of mre t h a n two nominal v a r i a b l e e have a s many s o l u t i o n s a s c r i t e r i a , on t h e c o n t r a r y of t h e c a s e where p-2 u h e r e a l 1 c r i t e r i a were e q u i v a l e n t . This is due t o t h e f a c t t h a t t h e m doms not e x l s t a s i n g l e m a s u r e of c o r r e l a t i o n between more than two v a r i a b l e s .

b e v e r t h e r e a r e two main hinds of q u a n t i f y i n g p v a r i a b l e s , leading both t o r e l a t i v e s i w l e c o w u t a t i o m . The f i r s t comes down t o an e i g e n v e c t o r problem and providee m u l t i d i m n s i o n a l q u a n t i f i c a t i o n e of t h e v a r i a b l e s , t h e second looking f o r a s i n g l e q u a n t i f i c a t i o n of each v a r i a b l e such a s we g e t a n optimal r e p r e s e n t a t i o n of t h e s e t of i n d i v i d u a l s upon a subspace o f f i x e d dimension.

W e w i l l need t h e following matrices 8 X = (XI 1 X 1 ... O is t h e diagonal m a t r i x w i t h t h e same diagonal terms a s 6. a ) From Guttman t o Benzecri : o r t h e long s t o r y of m u l t i p l e correspondence a n a l y s i s .

F o l l w i n g L.L. G u t t m n , v a r i o u s a u t h o r s ( H o r s t , Lord, Eoch, N i s h i s a t o , de L e e w have introduced t h e problem accord i n g t o t h e f o l l o w i n g f o r m u l a t i o n : "Find t h e q u a n t i f i c a t i o n of K. , . X2, *.. K such a s t h e m a s u r e s of t h e p q u a n t l f i e d we m y w r i t e a g a i n t h i s a n a l y s i s of variance e q u a t l o n l n m a t r i x n o t a t i o n s , t h e l e f t h a n d s l d e i s e q u a l t a ='Dg asBa t i o n of n2 =

The s o l u t i o n 1s given by t h e eigenvector a r e l a t e d t o t h e f i r s t non extraneous eigenvalue A of _^ a%, 0 This 1s t h e saine &en-equation a s t h a t of correspondence a n a l y s i s of X and t h a t of C a r r o l l ' s g e n e r a l i z e d canonical a n a l y s i s of t h e p s e t s of i n d i c a t o r v a r i a b l e s i s e e Bouroche-Saporta-Tenenhaus). Furthermore. a s Gultrnan quoted i t , t h g v a r i a b l e xn i s even t h e f i r s t p r i n c i p a l conponent of t h e x hence t h e name of " p r i n c i p a l component of s c a à ® e " In o t h e r words ne have a q u a n t i f i c a t i o n x of each X such a s t h e f i r s t eigenvalue ot' t h e c o r r e l a t i o n matrix of t h e x 1s maximal. (For an h i s t o r i c a l survey and o t h e r c r i t e r i a leading t o t h e s a m r e s u l t s e e Tanenhaus 1981).

1

To t h e o t h e r eigenvalues of -0~ correspond d i f f e r e n t p r i nc i p a l cornponents eaqh one co%%!spoiiding t o a d i f f e r a n t quant i f i c a t i o n of t h e X a ; s o we get a c t u a l l y a multidimenslonal q u a n t i f i c a t i o n of t h e nominal v a r i a b l e s , b u t t h e q u a n t i f i c at i o n s of various ordersof a v a r i a b l e a r e non u n c o r r e l a t e d i we have only t h e following mean and weak orti-iogonallty prop e r t i e s between q u a n t i f i c a t i o n of o r d e r k an3 1 : cov ( X S j There a r e many cornputer programs performing t h a t kind o f q u a n t i f i c a t i o n , t h e b e s t hnown being fiULTfl by Lebart-florineaufnbard, HOMALS by Oe Leeuw and Van Rijckevorsel and Cf' SCAL by Nistiisato. b ) Obtaining a s i n g l e q u a n t i f i c a t i o n .

The problem h e r e may be considered a s a modification of t h e " p r i n c i p a l component of s c a l e " property of t h e above m t h o d :

we look f o r a q u a n t i f i c a t i o n of t h e v a r i a b l e s such a s we get t h e b e s t p r i n c i p a l component a n a l y s i s of t h e q u a n t i f i e d v a r i ab l e s i . e . t h a t t h e sum of t h e v a r i a n c e s of t h e f i r s t h p r i nc i ~a l c o ~o n e n t s be maximisad. C o ~a r e d t o t h e f i r s t method o f q u a n t i f i c a t i o n CGuttman-Hayashi-Bsnzacri..) t h i s approach h a s t h e followlng advant a g e s :

. t h e c o n f i g u r a t i o n of t h e i n d i v i d u a l s upon t h e h-dimensional subspaca 1s optimal i n t h e m a n l n g of explained variance while t h e p r i n c i p a l components of s c a l e do not f u l f i l l t h i s c o n d i t i o n . The f i r s t conponent of a c a l e ls t h e f i r a t p r i n c i p a l component of t h e q u a n t i f i e d v a r i a b l e s . b u t t h e following components a r e not p r i n c i p a l coinponant8 f o r t h e same q u a n t i f i c a t i o n .

. I t 1s p o s s i b l e t o compute c o r r e l a t i o n c o e f f i c i e n t between q u a n t i f i e d v a r i a b l e s and p r i n c i p a l conponents f o r i n s t a n c e . f o r w e have tiare r e p r e s e n t a t i o n of t h e variables i t s e l f and not only of t h e c a t e g o r i e s .

. The method 1s well f i t t o o r d i n a l v a r i a b l e s f o r , as we have a l r e a d y s e e n , a s i n g l e q u a n t i f i c a t i o n 1s nacessary. Convers a l y t h e r a a r e some drawbacks :

. T h e most i n p o r t e n t being i n Our s e n s e t h a t t h e q u a n t i f i c at i o n changea w i t h t h e nuiitier of d e s i r e d p r i n c i p a l components and t h a t t h e c o n f i g u r a t i o n of i n d i v i d u a l s is not t h e sanie while i n t h e f i r s t inethod t h e c o o r d i n a t e s of t h e i n d i v id u a l s a l o n g t h e f i r s t h p r i n c i p a l a x i s remain u n a l t e r a d when WB need f u r t h e r axis. The f i r s t method of q u a n t i f i c a t i o n h a s been g e n e r a l i z e d (Saporta-Oeville 1979) to nominal s t o c h a s t i c p r o c e s s e s i . 9 . i n t h e s i t u a t i o n where one knows t h e e v o l u t i o n of a c a t e g o r ic a l v a r i a b l e ( f o r i n s t a n c e h i e r a r c h i c a l s t a t u a o r p l a c e of l i v i n g ) through t h e tim between two i n s t a n t s 0 and T .

The method cornes down b a s i c a l l y t o a q u a n t i f i c a t I t i s very e a s y t o g e n e r a l i z e P.C.A. t o t h a t s i t u a t i o n by q u a n t i f y i n g t h e nominal v a r i a b l e s .

Suppose t h a t WB have a s e t of numerical m i a b l e s y, ...yq and p nominal v a r i a b l e s X , X,. ... X . To o b t a i n t h e b e s t P.C.A. of al1 v a r i a b l a s i n t h e seRae o f t h e f i r s t m t h o d of q u a n t i f i c a t i o n (XI maximal) we j u s t have t o perform a P.C.A. "pan t h e a r r a y :

[ Y 1 XI 1 Xz 1 .. . 1 Xp)
Again i n t h e f i r s t method of q u a n t i f i c a t i o n t h e f o l l o w i n g f conponents w l l l be a s s o c i a t e d t o o t h e r q u a n t i f i c a t i o n s of t h e X which may be u n i n t e r e s t i n g . PRINCIPALS. PRINOUAL and PRINC?PALS g i v e s i n g l e q u a n t i f i c a t i o n and a c c e p t numerical v a r i a b l e s .

111. QUANTIFICATION WITH OEPENDENT VARIABLES (Optimal s c a l i n g f o r p r e d i c t i o n )

The problem 1s now t o q u a n t i f y q u a l i t a t i v e v a r i a b l e s I n o r d e r t o p r e d i c t an e x t e r n a l v a r i a b l e o r c r i t e r i u m which may i t s e l f be nominal o r o r d i n a l .

:

Let X a
. X b e t h e e x p l a n a t o r y v a r i a b l e s and Y t h e crite!iu2 t h e fgeReral problem i s t h u s t o o b t a i n a q u a n t i f ic a t i o n x

x , .

x and y such t h a t t h e s q u a r e m u l t i p l e c o r r e l a t on etween y and t h e x be maximised. J D i f f e r e n c e s between a l g o r i t h m s a r e due e s s e n t i a l l y t o t h e nuwber and t h e n a t u r e of v a r i a b l e s .

Me w l l l b r i e f l y g i v e a few i n d i c a t i o n s aboht t h e main s i t u a -

! t i o n s .
11 Numerical c r i t e r h m : m & r e s s i o n with q u a l i t a t i v e p r e d t c t o r s I f a l 1 t h e e x p l a n a t o r y v a r i a b l e s a r e nominal WB have h e r e a p a r t i c u l a r c a s e of t h e l i n e a r modal which can be d e s c r i b e d a s t h e e s t i m a t i o n of e f f e c t s i n an a n a l y s i s of v a r i a n c e with , p f a c t o r s of v a r i a b i l i t y wlthout i n t e r a c t i o n . l Nathematically t h i s cornes down t o t h e w l t i p l e r e g r e s s i o n of t h e dependent v a r i a b l e y o v e r t h e s e t af i n d i c a t o r v a r i a b l e s of al1 t h e c a t e g o r i e s of t h e X S.

A s t h e sm o f i n d i c a t o r v a r i a b l e s of t h e c a t e g o r i e s of each X i s e q u a l t o 1. t h e problem 1s not of f u l l rank and t h e r e i s an i n f i n i t e nuinber of e q u i v a l a n t q u a n t i f i c a t i o n s l e a d i n g t o t h e s a m p r e d i c t i o n .

To g e t a s o l u t i o n WB need l i n e a r c o n s t r a i n t s : t h e mst usual 1 b e i n g t h a t t h e q u a n t i f i e d v a r i a b l e s should be of zero-man. l l t i s worth n o t i n g h e r e t h a t s o l u t i o n with zero-mean quantif i c a t i o n may be obtained by r e g r e s s i n g y o n t 0 a i l t h e 1 ( E m -p l p r i n c i p a l components of t h e m u l t i p l e correspondence a n a i y s i s o f t h e K a s . An approximate s o l u t i o n 1s then givan by t h e r e g r e s s i o n of y o n t 0 t h e f i r s t k p r i n c i p a l components 

Miiltidimenstonal Data Analysfs

For a s i n g l e o r d i n a l X, t h e Kruskal's a l g o r i t h m 1s well hnown.

For s e v e r a l v a r i a b l e s conputer progranis AOOALS and MORALS (Young. De Leeuw. Tahanel provide goad s o l u t i o n s using an a l t e r n a t i n g l e a s t s q u a r e s algorithm quantification, regression. new ~u a n t i f i c a t i o n and s o on).

21 Homirml c r i t e r i u m , d i s c r i m i n a t i o n with q u a l i t a t i v e p r e d i c t o r s This s i t u a t i o n 1s very c o m n i n iiiany a p p l i c a t i o n s such a s c r e d i t -s c o r i n g o r r i s k -e v a l u a t i o n where n e have t o p r e d i c t the belonging of an i n d i v i d u a l t o some group [good o r bad behaviour f o r i n s t a n c e l with q u a l i t a t i v e v a r i a b l e s .

Lihe i n regrassion. we cannot use without c a u t i o n the c l a s s ic a l procedures of d i s c r i m i n a n t a n a l y s i s with i n d l c a t o r v a r i ab l e s f o r they a r e l l n e a r l y dependent and one u s u a l l y need const r a i n t s of z e r o -m a n ~u a n t i f i c a t i o n .

Let us remark t h a t a s e a r l y a s i n 1952. Hayashi programmed a nethod f o r nominal d i s c r i m i n a t i o n with t h a t c o n s t r a i n t .

It is p o s s i b l e t o use MORALS and ADOALS f o r both accept a nominal c r i t e r i u m .

Another computer program OISQUAL (Saporta 19771 perfonns a quasi-optimal q u a n t i f i c a t i o n of purely nominal v a r i a b l e s . Its p r i n c i p l e corisists i n s e l e c t i n g a 3ubset o f p r i n c i p a l components of the correspondence a n a l y s i s of t h e X's ( i n o t h e r words a nultidintensional q u a n t i f i c a t i o n of t h e X's) and then i n a l i n e a r d i s c r i m i n a n t a n a l y s i s upon t h a t nunieric a l components. Each l i n e a r discriminant f u n c t i o n 1s a l i n e a r combination of t h e multidimensional q u a n t i f i c a t i o n s of X's and gives t h u s an unique q u a n t i f i c a t i o n ( d i s c r i m i n a n t s c o r e s ) of t h e X ' s .

The r e a d e r w i l l f i n d i n appendix an example of a p p l i c a t i o n of DISOUAL.

3) Ordinal c r i t e r i u m I n t h a t s i t u a t i o n t h e q u a n t i f i c a t i o n o f t h e c r i t e r i u m must s a t i s f y t h e o r d e r c o n s t r a i n t s . 1 BENECRI J . P . . H i s t o i r e e t p r d h i s t o i r e de l ' a n a l y s e des donn6es.

1 CADvol. 1. 1 9 7 6 . ' BOUROCHE J .M., DUPONT-GATELRAND C , TENEWUS ri., L'analyse cano-1 nique des préfhrences i n Oata Analysis and Informatics. . Generalized cananical a n a l y s i s of q u a l i t a t i v e d a t a -U.5.-Japan, Seminar on Theory, flethods and A p p l i c a t i o n s of Hultidimensional S c a l i n g , 1975. 1 Laboratoire de S t a t i s t i q u e , Universit6 Paul S a b a t i e r , Toulouse, LORD F.M., Some r e l a t i o n s between Guttman's p r i n c i p a l conponents o f scale a n a l y s i s and other psychometric theory, Psychometrika 23, 291-296, 1958.

GUTTMAN L., The q u a n t i f i c a t i o n of a c l a s s of a t t r i b u t e s , A theory and method o f s c a l e construction, i n P. Horst. SAPDRTA G -, Oisqual une méthod e t minante s u r v a r i a b l e s q u a l i t a t i v e s , Analyse des Donnhes e t I r i f o r m t i q u e un programma d'analyse d i s c r i -Journ4es i n t e r n a t i o n a l e s INFIA 1977. HORST P., Obtaining a c o ~~o s i t e measure from a number o f d i f f er e n t masures o f the some a t t r i b u t s . Psyctiometrika TENENHAUS M. , Analyse en composantes p r i n c i p a l e s de variables q u a l i t a t i v e s , Publ. N" 01-81 du Laboratoire de S t a t i s t i q u e , U n i v e r a i t 6 Paul Sabatier, Toulouse 1981. WOLO S., Q iJ regression A. NIPALS procedure f o r regression w i t h q u a l i t a t i v e and q u a n t i t a t i v e variables. U n i v e r s i t y o f Umaa, Swedan .

LEBART L., HORINEAU A., T,' iBARD N., Traitement des donnbes s t a t i stiques, Dunod 1879.

YOUNG F.W.. DE LEEUW J.. TAKAW Y., M u l t i p l ~~ and canonical regress i o n w i t h a mix of q u a l i t a t i v e and q u a n t i t a t i v e v a r i a b l e s : an a l t e r n a t i n g l e a s t squares method with optimal s c a l i n g f e a t u r e s . A s y s t e m a t i c s t u d y o f i n t e r a c t i o n s by means of a l o g -l i n e a r mode1 showed t h a t t h e r e waa a s i g n i f i c a n t I n t e r a c t i o n between AG and AN. 

  t h e c o o r d i n a t e s a l o n g a n a x i s are n u m r i c a l v a l u e s ( s c o r e s ) t o b e a s s i g n e d t o a q u a l i t a t i v e v a r i a b l e . c ) An a p p r o x i m a t i o n o f n o n -t i n e a r a n a l y s i s . M u l t i d i m e n s i o n a l d a t a a n a l y s i s 1s i m s t l y a set o f m t h o d s u s i n g l i n e a r a l g e b r a a n d t h e v e c t o r -s p a c e s t r u c t u r e of t h e s e t s of v a r i a b l e s and i n d i v i d u a l s : t h e s e methods can o n l y p l a c e i n prominent p o s i t i o n l i n e a r r e l a t i o n s h i p s betwean v a r i a b l e s what 1s w e l l f i t t e d t o t h e c a s e o f multinorrnal d i s t r i b u t i o n which 1s e x c e p t i o n a l i n most a p p l i c a t i o n s .

  t o d e s c r i b e t h e r e l a t i o n s h i p s between s e v e r a l o r d i n a l v a r i a b l e s .

  non n e g a t i v e numbers bon b,. .., ' m * { a l = b lbo a2 = b l + bzb, , a m = b l + b^ + * . + b,,-b0 1 T h e q u a n t i f i e d v a r i a b l e a . X 1s t h e n equal t o : 1 w where z -". "l, and lin = -1. j 121 The II a r e t h e " i n d i c a t o r v a r i a b l e s " of t h e o r d e r (Bouroctie. + o u p o n t -~a t e l m n d , Tenenhaus) i n t h e s e n s e where : 6" 0 i f ~( n i < j II. (&il 4 j = 1 , 2, .., m.

  s c o r e s of t h e c a t e g o r i e sThe s e t o f a i l q u a n t i f i e d v a r i a b l e s 1s W , t h e subspace of (Rn of dimension m d e f i n e d by : F o r an o r d i n a l v a r i a b l e X w i t h 3 c a t e g o r i e s we have f o r i n s t a n c e f o r t h e f o l l o w i n g f i v e i n d i v i d u a l s and al S a S a, X The s e t of a l 1 p o s s i b l e 2 i s t h e cone $ d e f i n e d by x x -( -i~ 15 -X b b 2 0 ) j Frequently one has t o d e a l only with zero-mean v a r i a b l e s : i f 1 1s the constant v a r i a b l e which conponents a r e a i l equ 1 t o x 1. t h e c e t of a i l p o s s i b l e _^ reduce t o W n 2 o r 2 n 2 f where _[ la t h e v e u t o r subspace orthogonal f o r 1 ( i . e . made o f zero-mean v a r i a b l e s ) .

1

  e t a i l s t h e r e a d e r may r e f e r t o p u b l i c a t i o n s of tienzecri o r De Leeuw.1 In 1935 i i i r s c h f e l d , remarklng t b a t t h e a n a l y s i s of t h e c o r r e - l a t i o n between two v a r i ~b l e a g i v e s t h e b e s t r e s u l t s i f t h e ' two U n e s of r e g r a s s i o n a r e l i n e a r , s e t t l e s and s o l v e s t h e 1 following problem ; ' *Given a diacontinuous d i s t r i b u t i o n , l e i t always p o s s i b l e t o i n t r o d u c e new values f o r t h e v a r i a t e s such a s b o t h l r e g r e s s i o n s a r e l i n e a r ?"

1

  v a r i a b l e s a r e t h e c a n o n i c a l v a r i a b l e s and t h e optimal s c o r e s a r e giveh by t h e e i g e n v e c t o r s of t h e products of t h e two a r r a y s of c o n d i t i o n a l frequencias.

  X d i s j u n c t i v e m r a y with n rws and E mi c o l u m i of t h e i n f h c a t o r v a r i a b l e s of t h e c a t e g o r i e s of a l 1 t h e K i a square-syrwnetrical m a t r i x of s i z e Zmi.

  v a r i a b l e s x x ,, x2, . . x b e a s homogeneous a s r ~o s s i b l e f o r any i n d i v i d u a l and a s s c & ? t e r e d a s p o s s i b l e betw6w-1 i n d l v id u a l s e . This i s a very c l e a r c r i t e r i u m from t h e va las sic al p o i n t of view of f a c t o r a n a l y s i s which c o w s down t o an o p t imal a n a l y s i s of v a r i a n c e : we have t o maximlze t h e d i s p e r s i o n of t h e m a n % gf each row of xX i n r e l a t i o n t o t h 0 t o t a l v a r i a n c e of X . R I f t h e x a r e of zero m a n , we have : j A s 3; s X, E ~* i f is t h e s u p e r v e c t o r o f a l 1 s c o r e s 2

I f k a 1

 1 we o b t a i n again t h e s o l u t i o n of m u l t i p l e correspondence a n a l y s l a i . e . t h e p r i n c i p a l tjomqnent o f s c a l a assoc i a t e d t o t h e f i r s t eigenvalue of -D B. I f k > 1. The problem m y be fonnalised s i w l y i n geometrical tems : w e t r y t o f o r c e t h e set of i n d i v i d u a l s t o be i n a h-dimensional s ubspace .As we have no longer an eigenvector problem i f h > 1. t h e s o l u t i o n 1s obtained by i t e r a t i v e algorithma. The t h r e e b e s t hnown c o w u t a r programs use a l t e r n a t i n g l e a s t squares methods and a r e c h r o n o l o g i c a l l y PRINCIPALS (Young. De Leeuw, Takane), , PRINOUAL [Tenenhaus), PRINCALS (De Leeuw. Van R i j c k e v o r s e l ) . 1 PRINOUAL p r o c e s s e s only nominal v a r i a b l e s while t h e two o t h a r s (PRINCALS supersedes PRINCIPALSI accept o r d i n a l v a r i a b l e s and miasing d a t a ( f o r PRINCALSI.

.

  I f k I n c r e a s e s , t h e s o l u t i o n becpmes u n d e t e m i n e d f o r kp . I f t h e r e a r e two v a r i a b l e s t h e second method does n o t coma clown t o canonical a n a l y s i a a s i t would have been d e s i r a b l e .3) F u r t h e r c o n s i d e r a t i o n s a ) Extension t o an i n f i n i t e nuwber of v a r i a b l e s

  i o n o f t h e nominal p r o c e s s Kt i n t o a numerical one X such as t h e Karhunen-Loeve deconposition (P.C.A. of p r o c e s s e s ) o f t h e s t a n d a r d i z e d process Xt/ht g i v e s a maximal f i r s t e i g e n v a l u e f o r t h e c o v a r i a n c e o p e r a t o r . b) Mixture of nominal and numerical v a r i a b l e s .

  ( o r o n t o t h e k components b e s t c o r r e l a t e d with y ) . I f one o r s e v e r a l e x p l a n a t o r y v a r i a b l e s a r e o r d i n a l WB get a problem of monotonie r e g r e s s i o n t o o b t a i n q u a n t i f i c a t i o n s r e s p e c t i n g t h e o r d e r .

  The c a s e of nominal p r e d i c t o r a was f i r a t solved by Kruahal with h i s algorithm c a l l e d flONANDVA.Conputer prograins ADOALS and OORALS a r a a l s o w e l l f i t t e d t a t h i s kind o f probiem and accept p r e d i c t o r s of o r d i n a l hind.
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 1 .8., Nonmetric m u l t i d i m n s i o n a l scaling, Psychometrika 29, 115-129, 1964. KRUSKAL J.B., Analysis o f f a c t o r i a l experiments by estirnating monotone transformation o f the data, JRSS B 27, 251-263, 1965. TORGERSON W.S., Theory and m t h o d s of scaling, Wiley, 1958. WILLIAMS E.J., Use o f scores f o r the analysis o f association I n contingency tables, Biometrika 39, 274-289. 1952. LANCASTER H.D., The s t r u c t u r e of b i v a r i a t e d i s t r i b u t i o n , A.H.S. r 2, 719-736, 1958.

  P s y c h o r o t r i c Laboratory, University of NorthCarolina, 1975. YOUNG F.M.. DE LEEUW J . , TAKANE Y.. Additive s t r u c t u r a I n q u a l it a t i v e d a t a , Psychometric Laboratory, University of North C a r o l i n a , 1975. YOUNG F.W., DE LEEUW J..TAKANE Y., How t o use PRINCIPALS, Psychometric Laboratory, University of North Carolina, 1975. YOUNG F.W.. UE LEEUW J., TAKANE Y., Ouanlifying q u a l i t a t i v e d a t a i n M. Feeer ( e d . 1 , S i m i l a r i t y o f Choice.Academic P r e s s , 1979.YOUNG F ,W.. TENENMAUS M . . N u l t i p l e c o r r e ~p o n d a n c e a n a l y s i s and t h e p r i n c i p a l components of q u a l i t a t i v e d a t a , Psychometrika [ t o be p u b l i a h e d i .An exanple of d i s c r i m i n a t i o n with nominal p r a d i c t o r s by DISOUAL : r i s h e s t i m a t i o n of a c c i d e n t f o r young d r i v e r a 5814 c u s t o r o r s of l e a s thon 25 y e a r s o r having t h e i r d r i v i n g l i c e n c e from l a a s t h a n 2 y a a r s have been s e l e c t e d from t h e f i l e s of an important i n s u r a n c e Company. 3649 were good d r i v e r s . i .e. without a c c i d e n t d u r i n g t h e past t h r e e years. 2325 were bad d r i v e r a , i . e . responsible of t h r e e o r more accidents during t h e same t h r e e y e a r s o r of more t h a n two t h e f i r s t The t r u e p r o p o r t i o n of bad d r i v e r a was 4%, b u t i n o r d e r t o get good e s t i m a t e s t h i s category was overrepresented i n t h e sanple l e s After primary s t a t i s t f c a l i n v e s t i g a t i o n s 11 explanatory variab were s e l e c t ( y e a r l y , each 6 m n t h s , each 3 months) age a t tha d a t e of l i c e n c e ( 7 c a t e g o r i e s ) number of y e a r s s i n c e t h e l i c e n c e (less than 2 y e a r s o r more than 2 y e a r s ) (male, femalel matrimonial s t a t u a tbachelor o r o t h e r ) a r e a of t a r i f f ( 3 c a t e g o r i e s 1 type o f use of t h e c a r ( 9 c a t e g o r i s s ) t a r i f f group (5 categories! s p e c i a l payirent f o r a p o l i c y without deduction (yea, no) c a r bought w i t h a c r e d i t o r net l l f e i n s u r e d o r n o t .Aniung t h e s e v a r i a b l e s s o r o may p r e s e n t i n t e r a c t i o n a concerning t h e category of d r i v e r a (good o r bad) and i t 1s necessary t o c r e a t e c r o s s e d v a r i a b l e s before a l i n e a r ( a d d i t i v e formula1 d i s c r i m i n a t i o n .

  I t was t h u s necessary t o c r e a t e a new v a r i a b l e AGAN.replac i n g t h e two preceding ones according t o t h e following diagram :Me use t h e s c o r i n g r u l e s a s follows :Let us t a k e a male d r i v e r who wants t o pay each 3 m n t h s i f ha 1s b a c h e l o r and of category 2 of v a r i a b l e AGAN (20 o r 21 y e a r s o l d and l i c e n c e fmm less t h a n 2 y e a r a ) l l v i n g i n ZONT number 0 f o r t h e USAG category 5, t h e CLGR category 3, t a k i n g a nodeduction p o l i c y (RAFR = 0 ) w i t h a c a r bought with a c r e d i t and without a l i f e insurance. M i s s c o r e w i l l be A s t h i s s c o r e i s l e s s than t h e t h r e s h o l d value -4.27, he w i l l be c l a s s i f i e d i n t o t h e "bad d r i v e r a " population. The effieifkncy of t h i s s c o r i n g r u l e i s described by t h e foilowing t a b l e o b t a i n e d by c l a s s i f y i n g thfi i n d i v i d u a l s of t h e samplB : c l a s s i f i e d I n 1 true g m u p l h e r e is an amount of about 80" of c o r r e c t c l a s s i f i c a t i o n s and 78% of bad d r i v e r a a r e d e t a c t e d .
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