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Abstract

This paper deals with unknown input interval observer synthesis for discrete-
time switched systems. First, a decomposition leading to obtain a subsystem
not affected by the unknown input is presented. Second, an interval observer is
designed based on the Input-to-State Stability (ISS). The gains are computed by
solving Linear Matrix Inequalities (LMI) formulated based on multiple quadratic
Lyapunov functions under average dwell time switching signals. In addition, a
change of coordinates can be taken in order to ensure the positivity of the esti-
mation errors. Finally, an explicit expression for the unknown input bounds is
derived. Note that while the additive disturbances and the measurement noises
are unknown but assumed to be bounded with known bounds, the unknown
input signals are neither bounded nor stochastic.

Keywords: Interval Observer, Switched Systems, Average Dwell

Time, Input-to-State Stability, Multiple Quadratic Lyapunov

Functions

*Corresponding author
Email addresses: ghassen.marouani@gmail.com (Ghassen Marouani),
ngoc-thach.dinh@lecnam.net (Thach Ngoc Dinh), tarek.raissi@cnam.fr (Tarek Raissi),
xinwang@hlju.edu.cn (Xin Wang), Hassani.messaoud@enim.rnu.tn (Hassani Messaoud)

Preprint submitted to European Journal of Control August 9, 2020



20

25

30

1. Introduction

Unknown Input Observers (UIO) design has been widely investigated and
frequently used in engineering implementation [37, 4T]. One of the most well-
known practical interests of such kind of observers is the fault detection and iso-
lation problem [40]. UIO have been largely studied in several contexts: in partic-
ular some works are devoted to linear as well as bilinear systems [27], [16] 37, [30],
nonlinear systems [I} 2], switched systems [I8] 21I] and so on. In recent years,
interval observers design has received a growing attention in control theory and
real-life applications due to the capacity of this cutting edge observer in estimat-
ing the transition of state variables of dynamical systems. In fact, they produce
time-varying intervals in which the state variables are guaranteed to last all
times while classical observers do not provide such property. The technique,
which originates in [24], has been developed for several families of systems such
as linear and bilinear [11] 5] 14} B2], nonlinear [34} B6] 22], switched systems
[19, B11 [43] [44]. The suggested approaches are mainly relied on combining
change of coordinates with observer gain design methods to ensure both framer
and stability properties of the estimation error. Another interval observer in-
troduced in [38] is based on the T-N-L observer structure where 7', N, L are
design parameters. Compared with the classical method based on coordinate
transformation, the interval observer proposed in [38] has some additional design
degrees of freedom, which can be optimized to improve the estimation accuracy.
In addition, interval observers-based controllers have been constructed in [33][6].

None of the above works addressed the interval observation problem for sys-
tems subject to unknown inputs. As in the case of classical observers, unknown
input often hampers and sometimes prohibits construction of interval observers.
Some first results related to unknown input interval observer have been proposed
in the literature, e.g., [10, 28] @] for LTI and LPV systems. To the best of the
authors’ knowledge, the design of unknown input interval observers for switched
systems has not been fully investigated in the literature and most of the pro-

posed results (the readers can refer for instance to [20} 29]) have been developed
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for continuous-time systems. The discrete-time case has not been studied yet
and is sufficiently different to deserve a separate treatment. This motivates the
present work. Although some of the key ideas of the previous works may be
used along this construction, it is worth pointing out that the estimators we
propose are not derived directly because changing the system from continuous
to discrete time not only raises changes of stability properties but also requires
the estimation procedure of the unknown input to be properly adjusted. More-
over, the use of common Lyapunov function as in [20] to guarantee the stability
is conservative and therefore it is hard that the set of LMI admits a solution.
In the present paper, a multiple Lyapunov function is employed to relax this
conservatism. The problem of optimizing the accuracy of the error between the
upper and lower bounds, which has not been investigated in [20, [29], is also
considered.

In this paper, the methodology proposed in [7] is used to decompose the
state equation of the system into two subsystems by employing a nonsingular
”disturbance-decoupling” state transformation [12]: the first one depends on
the unknown input and, in the second one, the unknown input may be dropped.
Next, another state transformation using a time invariant change of coordinates
is performed in order to ensure the cooperativity property of the observation
error so an interval observer can be designed in these new coordinates for the
free-unknown input system. Then, one can deduce that lower and upper bounds
for the state in the original basis. Finally, the estimation of the unknown input

bounds is derived. The main contributions of this paper are

e The provided interval state estimate is insensitive against the presence of
the (possibly unbounded) unmeasurable disturbance input. Furthermore,
unknown inputs are not constrained to be a signal of any type (random or
strategic) nor to follow any model. Thus, no prior 'useful’ knowledge of
the dynamics of unknown inputs is available. Therefore, they are suitable

for representing adversarial attack signals [42].

e A novel interval observer for a class of discrete-time linear switched sys-
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tems with unknown inputs is proposed and the LMI formulation is given
to compute the gains based on the input-to-state stability (ISS) using a
multiple Lyapunov function under an average dwell time. ISS is a use-
ful stability notion for studying the robustness of control systems affected
by exogenous inputs. Roughly speaking, a system is input-to-state sta-
ble if every state trajectory corresponding to a bounded control remains
bounded, and the trajectory eventually becomes small if the input signals
are small no matter what the initial states are. In the absence of exogenous
inputs, an input-to-state stable system is globally asymptotically stable.
The proposed scheme provides simultaneously stable estimation errors for

the state and the unknown input in the sense of ISS.

The remainder of this paper is organized as follows. Some preliminaries are
briefly presented in Section In Section [3| a step-by-step interval observer
design for discrete-time linear switched systems in the presence of the unknown
input, additive disturbances and measurement noises is drawn. A numerical
example is given to illustrate the proposed approach in Section [ Section

concludes the paper.

2. Preliminaries

2.1. Notation, definitions, basic result

The set of natural numbers, integers and real numbers are denoted by N,
Z and R, respectively. The set of nonnegative real numbers and nonnegative
integers are denoted by Ry = {r € R: 7 > 0} and Z; = Z N R, respectively.
The Euclidean norm of a vector € R™ is denoted by |z|, and for a measurable
and locally essentially bounded input u : Z — R, the symbol ||lul|, .,] denotes
its Lo, norm,

HuH[to,tl] = SU‘pﬂu‘vt € [fo*fl]}

If t; = oo then we will simply write ||u|. We denote Lo as the set of all

inputs u with the property |jul| < oco. We denote the sequence of integers
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1,...,N as 1, N. Inequalities must be understood component-wise, i.e., for
To = [Ta1seTan] € R™ and z, = [Tp1,..,Tpn] € R™, 2, < xp if and
only if, for all i € 1, N, z,,; < xp;. For a square matrix @ € R™ " let
the matrix @+ € R™*" denote Q" = (max{g; ;,0});;_, |, where the notation
Q = (q”)?]n=11 is used. Let Q= € R™ ™ be defined by Q— = QT — @ and
the matrix of absolute values of all elements be defined by |Q| = QT + Q~, the
superscripts + and — for other purposes are defined appropriately when they
appear. A square matrix Q € R™*" is said to be nonnegative if all its entries
are nonnegative. I is the identity matrix of appropriate dimension. Any n x m
(resp. p x 1) matrix, whose entries are all 1 is denoted E, x., (resp. E,) and
whose entries are all 0 is denoted 0,,x., (resp. 0,). The vector of eigenvalues
of a matrix A € R"*" is denoted by A(A). A positive (res. negative) (semi)
definte matrix P € R"*™ is denoted as P = (=) 0 (resp. P < (x) 0).

Consider z, T € R™ such z < 7 and define X = [z z] and X7 = [z T
For a non-square matrix B, the left pseudo-inverse of matrix B is B® =

(BT B)~'BT. Additionally, B* is a matrix such that B*B = 0.

Lemma 1. [5] Consider a vector x € R™ such that x < x < T and a constant

matric A € R™*"™, then

Atz —A T < Az < AT — Az, (1)

with AT = max{0, A}, A~ = At — A. If A is satisfying the relation A < A < A,
then

Atat — A e —A 2t +A T <A <Az — Atz —A zt+ Az,

Lemma 2. [],[8] Consider a positive scalar 6 and a symmetric positive definite

matriz P € R™ ™, then
1
22Ty < gosTPx + oyt P Yy, 2,y € R™ (2)

Definition 1. [35] A discrete-time system described by x(k + 1) = f(z(k))
is monnegative if for any integer ko and any initial condition x(ko) > 0, the

solution x satisfies x(k) > 0 for all integers k > kg.
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Lemma 3. [35] A system described by x(k + 1) = Ax(k) + u(k), with z(k) €
R™ and A € R™ "™, is nonnegative if and only if the matriz A is elementwise
nonnegative, u(k) > 0 and x(ko) > 0. In this case, the system is also called

cooperative.

The Lemmal3]is essential in the design of interval observers since the estima-
tion errors should follow nonnegative dynamics. Without any lost of generality

in the present paper, we choose kg = 0.

2.2. Average dwell time

Definition 2. [2]] For a switching signal o and any 0 < k; < kg, let Ny (ki, ks)
denote the number of discontinuities of o on the interval [k, ks). If there exist

a scalar T, > 0 and an integer Ny > 0, such that

— K

Ta

ks
Nd(klvks) S NO +

3)

holds for all k; and kg, then the scalar T, > 0 is called an average dwell time
(ADT) and Ny the chatter bound. In this paper, we assume that Nog = 0 for

simplicity as commonly used in the literature.

2.3. Input to state stability

Input-to-State Stability (ISS) is an approach to analyse the effect of external
disturbance on the stability of systems. The following Lemma gives sufficient
conditions on Input-to-State Stability for discrete time switched systems using

multiple Lyapunov function.

Definition 3. [23] A function ¢ is said to belong to the class K if p € C(Ry,R),
©(0) = 0 and ¢ is strictly increasing. Koo is the subset of K functions that are
unbounded. A function B : Ry x Ry — Ry is of class KL, if B(.,t) is of
class K in the first argument for each fixzed t > 0 and [(s,t) decreases to 0 as

t — +o0 for each fized s > 0.



s Lemma 4. [26] Consider the discrete-time switched system
z(k+1) = fou)(&(k),n(k)), o(k) € 1, N. Suppose that there exists C' functions
Voky + R" — Ry, class K functions an, az, v and constants 0 < a < 1,

p > 1 such that V¢ € R™, n € R! we have
ar([lEll) < Vo) (€) < ax(li€l), 4)

Voir) €k + 1)) = Vo) (E(F)) < —aVou) (E(K)) + elllnl]), ()

and for each switching instant k;, 1 =0,12,3,...,

Vo) (§(F)) < 1Vo 1) (§(F)).- (6)

Then the system x(k + 1) = fou)(E(k),n(k)), o(k) € 1,N is Input-to-State
Stable for any switching signal satisfying the average dwell time

In(p1)
In(1-a) 0

TaZT;:_

3. Main results

Consider the following discrete-time linear switched system

:17(]{3 + 1) = Aa(k)x(k) + Bo(k)u(k) + Dg(k)d(k) + w(k),

8
Y (k) = Cogya(k) + v(k), o(k) e T,N, N €N )

10 with z € R™ is the state vector, u € R™ is the input, y,, € RP is the output, w €
R™ and v € RP are respectively the disturbances and the measurement noises,
d € R is the unknown input. o(k) = ox, k= 0,1,2,3,... is a known piecewise
constant function that takes its values in an index set 1, N, N > 1, where oy,
is the index of the active subsystem and NN is the number of subsystems. A4,,,
s B, and Cy,, and D,, are time-invariant matrices with appropriate dimensions.

Then for simplicity, (8]) can be rewritten as

z(k+1) = Ay,x(k) + Byu(k) + Do, d(k) + w(k),
Ym(k) = Cy (k) +v(k), o, €1,N, NN



The switched system @D is affected by unknown disturbances on both the input
and the output. In the case where such terms can not be measured, an unknown
input estimator can be referred as a solution. In the presence of uncertainties
which are unknown but bounded by known bounds, the use of classical ob-
servers is limited. However, interval observers can be considered as potential
candidates to cope with such uncertainties and a joint estimation of the state
and the unknown input may be performed in such a case.

Based on [7], the first step consists in employing a state transformation to de-
compose each mode of the system @ into two subsystems where the first sub-
system dynamics are completely decoupled from the unknown input. Therefore,
such decoupled modes can be used to design an interval observer which allows
one, with another transformation if necessary to relax the classical assumptions
on the positivity of the estimation errors, to estimate the bounds of the state
vector . The second step consists in computing two bounds d and d for the

unknown input vector d, satisfying

d(k) < d(k) < dA(k), k € Zy. (10)
For the rest of the paper, some assumptions are introduced.

Assumption 1. The switching signal o(k) is assumed to be known.

Assumption 2. The state disturbance and the noise measurement are assumed

to be bounded such that

—w <w(k) <w, Yk >0, (11)
- <wv(k) <w, Yk >0, (12)
with w € R™ and v € RP.
Assumption 3.
rank(Cy, Dy, ) = rank(D,,) =1,Yor, € I, N, [ < p. (13)
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Remark 1. Assumption |3 is realistic: it is frequently satisfied in practice. It
can be relaxed by allowing the bounds to depend on time k but for the sake of
simplicity, they are assumed to be constant.

Assumption[3, also called a relative degree condition, is common in the unknown
input observers literature. It establishes the extistence condition of an unknown

input observer for the system @

8.1. Step 1: Unknown input decoupling

Based on Assumption [3| and [12], there exists a nonsingular state transfor-
mation
Dy, Dy,
T, = = , Ty, € R™X™, (14)
(Co, Doy )*Co, To
where D} chosen such that D} D, = 0 and (Cy,D,,)? is the left pseudo-

inverse of (Cy, Dy, ). The inverse matrix T takes the following form

Tt = [ (1= Doy (Co Do) Co)(D5,)° Dy, |- (15)

Ok

Given the change of coordinates z = T, z, the system () becomes

2(k +1) = Ay, 2(k) + By, u(k) + Dy, d(k) + g, (K),

(16)
Ym (k) = Cy, 2(k) + v(k), Yo, € I, N, N €N,
where
} Avg, Ay, -
Aak = TakAosz;kl = ~1 g ~2 " 5 Cok - CakT(;kl,
A30’k A4ak
. Bi,, . 0
Bak - TO'kBO'k - 3 or — TO'kDO'k 5
ngk I
W1g, (k), z1(k
a)ﬂk(k) = TUkw(k) = ! k( ) ) Z(k) = 1( , 21 € Rnil, 29 € Rl.
(I)ng z9 k



Consequently, the system is decomposed into unknown input-depending
and unknown input-free subsystems respectively whose dynamics are described
by

z1(k+1) = A1, 21(k) + Asg, 22(k) + Bio,u(k) + @10, (k),

2(k + 1) = Asp, 21(k) + Auo, 22(k) + Bog, u(k) + d(k) + @20, (k),  (17)

Yym(k) = Co, 2(k) + v(k).

Introducing the output transformation given by the following equation

4(k) = Usym(k), (18)
with
[]10';C (CUkDG'k)*
Uy, = = , (19)
UQUk (CUkDUk)®

the decomposed system becomes

zl(k + 1) = Algkzl(k) + AZokZQ(kf) + Blaku(k) + Wigy, (k)
2o(k + 1) = Ay, 21 (k) + Aug, 22(k) 4+ B, u(k) + d(k) + @aq,, (k) 20)
G1(k) = Cop21(k) + Uty v(k) ’

Y2(k) = z2(k) + Uzg, v (k)
where the new form of the output is described by the following form

Y1
) C’Uk, = (Co'kDU'k)*CUk(D;k)@'

<
I

Y2
Because of the time-varying form of the transformations and , the state

z(k) of the transformed system is governed by the following reset equation at

the switching instants k = k;
z(ki) = Toy, x (k). (21)
Using the relation of (k) = z2(k) + Use,v(k) in (20)), it follows that

22(k) = g2(k) — Uzg, v (). (22)

10
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The substitution of into dynamics of z; in yields

alk+1) = Ay, z1(k) + Asg, Ga(k) + Buo,u(k)
+@10, (k) = Agg, Uno v (k)

g1(k) = Cy21(k) + Ui v(K).
Assumption 4. The pairs (Ai,,, Cs,) are detectable for all 05, € 1, N.

Remark 2. It is shown in [I3] that the strong detectability of the matrix triplets
(Ao, Co,, Dy, is equivalent to the Assumption. Moreover, Assumption s a
necessary but not a sufficient condition for the existence of an interval observer
for . An additional assumption related to the average dwell time condition
will be presented later in Theorem [1}.

3.2. Step 2: Interval observer design for the unknown input-free subsystem

To design an interval observer, two properties have to be satisfied: (i) framer
property which is the notion of providing intervals in which the state variables
stay and (ii) stability property which cares the length of estimated intervals.
For that reason, observer gains L., need to be chosen such that the matrices
fllgk — Ly, C’Jk are nonnegative and the estimation errors are stable, which is
usually difficult. Naturally, one can think about finding a nonsingular transfor-
mation 8y = Pz such that the matrices P(z‘ila,c —L,, CV’U,C)P_1 are nonnegative.
Subsequently, a framer can be constructed in these new coordinates. Neverthe-
less, the existence of a common transformation P for all o), € 1, N is not obvious,

even impossible.

3.2.1. Framer design
In this subsection, a new methodology is proposed for the unknown input-
free switched subsystem . It is based on the design, in the original co-

ordinates of two conventional observers. The structure is inspired by the one

11



proposed in [34]. The framer is given by the following equations:

éf_(k + 1) = (Aldk - LUkCVUk)éi‘r(k) + Blaku(k) + P«;C1|P0'k ‘51019

+PG_1€1 |:Pz;: (A;Uk§2 - A;akgg) - PU_ (A;rakgg - Aim.??)}
+P177]€1‘P0'k||1420'kU217k |ﬁ + Lﬁkgl + Pf;C1|PUk ||L0'kU1‘7k |@,

'21_(]{: + 1) = (Alffk - Lakéo'k)él_(k) + Blff}cu(k) + Po_kl (_|P0k|)510k
+P(77€1 |:Pot (A;’_Jkg2 - A2_0k52) - Pz; (A;ro‘k§2 - A;okgg)}
_P(r_kl‘PUkHA?fka?Uk |E+ Ltfkgl - Pa_k1|PUk ||L0'kU1(7k |E’

(24)

The proposed framer and its design conditions are given in the following theorem

Theorem 1. Let Assumptions[1}[J] be satisfied and z(0) < z(0) < Z(0). Given
the nonsingular transformation matrices P,, € RM™=DX(=0 sych that P,, (fllak —

Lo, CV’g,C)PU_k1 are nonnegative and consider the suitably selected initial conditions

5(0) = P! (P 71(0) = Py, 21(0)) (25)
20 (0) = Pyl (P 21(0) = P, 71(0))
where
2(0) = T,,7(0) ~ T,2(0), o)
2(0) = T;F z(0) — T, 7(0),
Then, the bounds of the substate vector z1 given by
z1(k) = (P;) " Py, 2 (k) — (P,1) ™ Py, 21 (K), (27)
z1(k) = (P;) Py, 2y (k) — (P,1) ™ Py, 2 (K),
satisfy
z1(k) < z1(k) <z1(k), Vk>0. (28)

Proof. We have to prove that z1 (k) — z1(k) > 0 and 21 (k) —z1(k) >0, VE > 0.
Consider the upper and lower observation errors defined respectively by €., (k) =

Py, 27 (k) — Py, 21(k) and e, (k) = P,, 21(k) — Py, 27 (k). Then, their dynamics

=z1

12



can be expressed as

e, (k+1) =P, 5 (k+1)— P, zi(k+1)
= Py (A1g, — L0, Co, )2 (k) = Py, (Arg, — Lo, Co, )21 (k)
+ [P (AL o~ Aa, ) — Poy (A58, — A2, T0 )|
+P,, Asy, Uso ¥ + | Py, |@10,, — Pory @16y, — Poy Asg, G2(k)
+| Py, || Azg, Uso, [T 4 | Py, || Loy Ut [T+ Pry, Loy Urg,, v
= Py, (A1o, — L, Coy)E, (k) + TZ

(29)

where
Tjk = |Pak ‘zlak - Pak‘:}lo’k + PO')CAQUIC UQUk’U + PJkLa'k Ulo’;c/U
+ |:Pt;: (A;akEZ - Agakgg> - Pa_k (A;ngg - A;ok§2):|
_Pak;l%klb(k) + ‘PUkHAQUk U20'k, |5 + |P0'k||L0'k Ulak, |@

The lower observation error is given by

e, (k+1) =P, z(k+1)— Py 2 (k+1)
= Po(Aioy, = Loy Cop)21(k) = Poy(Aro, = Loy, Co )2y (K)
— [P (45,8, - 42, 72) — Pry (A4, 72— 423, |
— Py, Asg, Usgy v + | Poy | @16y, + Py @10y + Py A, G (k)
+| Py, || A2e, Usor, [T+ |Poy || Loy Uty [T — Pry, Loy Urg,, v
= Po(A1g, = Lo, Co e, (K) + Y5,

(30)

with
T;k = |P<7k. ‘Ela’k + Pakdlo'k - PakAQ(rk U2akv - PJkLo'k Ulo'kv
- |:P¢;: ("Zlg_akgg - Agak§2> - Pa_ (A;O'k§2 - Agokgg)}
+Pfrk12120k372(k) + ‘ngHAzak U20'k |5 + IPUkHLUk Ulok |E

Taking in mind Lemma [} the following inclusions hold
I~ < Py, Asg, (k) <TT (31)

with
= Po—': (A;UkQQ - Agok§2> - Pa_k (AN‘;U;C§2 - A;akgg)
and

FJr = P(;: (A;rakEQ - AQ_JkQQ) - Pr:k (A;_ngg - AQ_Jk?Q)

13
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_|P<7'k: ||‘Zl20k U2Uk |5 < PakA20k U2Ukv < |PUkH‘Zl2Uk U20'k ‘i (32)

_‘ka |510'k < Pﬂka}ldk, < |P0'k|510'k (33)

Based on ,, , Tjk, T, are nonnegative by construction, €, (0) > 0,
QZI(O) > 0 and P,, (/Ilak - Lakéﬂk)P(;l are nonnegative. Then, based on
Lemma [3| the upper and lower errors €., (k) and e, (k) are nonnegative for all
k > 0 such that

Py, 2y (k) < Py z1(k) < Py 2 () (34)

Therefore, the upper and lower bounds of the substate z; given by verify

z21(k) < z1(k) <z1(k), VE>0

8.2.2. Stability conditions
In this subsection, the stability of the interval observer — is investi-
gated in the ISS framework.

Theorem 2. Assume that the conditions of Theorem[]] are satisfied. If there
exist positive scalars ag > a1 >0, 7>0,0<a <1 and0 < <1, matrices

Wq,, S, and diagonal positive definite matrices M,, such that for o, € 1, N

with oy, # oy,
[ —(1—a)M,, 0o Al M, —CTS,, ]
0 —~21, M,, =<0, Yorp, € 1, N (35)
| My Avg, = 55,Co Mo, —M,, |
oIy, < My, < asl, (36)

14



Wo, My,
=0 (37)
M, M,,

then, the lower and upper observer errors are ISS and the framer — 18
an interval observer. In addition, the gains Lo, , given by Ly, = M;'S,, can
be computed by minimising the linear problem
minimize  Bu—+ (1 — )y, op € 1, N
Mo, \Sep Wa, (38)
subject to , , .
Proof. Consider a Multiple Quadratic Lyapunov (MQLF) function for the esti-

mation error et (k) = 2 (k) — 21 (k) defined as
Vo (€+) = 6+TMJk 6+, (39)

where M,, are diagonal positive definite matrices. As shown in the previous

section, the dynamics e™ (k) are described by
et (k+1) = (A, — Lo Cop et (k) + PITE (40)

For the sequel, let define ®,, = (Ais, — Lo, Cy, ). Therfore the increment of
the Lyapunov function is given by

AV, (et) =V, (et (k+1)) =V, (et(k))
— et (k+1)My et (k+1) — et (k)M et (k)
= et (k) [®L My, &y, — M,,] et (k)
et (k)@ M, =f + 24 M, P, et (k) + EF M, =4
with Ejk = l;lejk.
By adding and subtracting the terms aet’ (k)M,, et (k) — nyEjkT 2 to ,

we obatain

AV, (et (k) = e*" (k) [®F, My, g, — (1 — a) M, ] € (k)

T _ T

+et (k)q)nggk:jk + 27 My, Py et (k) (42)
=47 =+ 20+T =+ 20+T =+
+_‘U;€ M(fk“o'k -7 —or —or aé —or —ok

15



Then can be rewritten as

AV(er (k) = [et" () 28] Aoy [t () 2]

+7 + 2047 ot (43)
—ae (k)MUke (k:) - ’Y ‘:‘o'k ':‘O'k
where
@ZkMgktbgk —(1—-a)M,, <I>ZkMUk
Ay = , Vo, € 1, N (44)
Ma'k (pak Mak - 72111
thus, can be rewritten as follows
—(1—a)M,, 0 szkMak
Ag, = + M [ My, &y, My, ]
0 —2I, M,,

(45)

Using the Schur complement, we obtain

~(1-a)M,, 0 @ M,,

<0, Yo, € ,N  (46)

My, P, M, —M,,

Based on Lemma [4| and using 7 we arrive at
AV(et(k)) < —aet” (k) My, (k) +2 || Z5, |13 (47)

Let the inequality hold for k € [ko, k), which implies that

k—ko—1
Vo (et (k) < (1—a)* RV (et (k) + > (1-a)™? |25 I3 (48)
m=0
then the following inequality is deduced
ar(|| e (k) [) < Vo, (" (K)). (49)

Thus,

k—ko—1
1 _ m _
| e (k) [l2 < o ((1 —a) ROV (P (k) + ) (1—a)™? | E II§>

m=0

16



Let Assumptionhold, then EF is bounded when k& — oo, then |2 |l < ET.

Ol Ok —

One can deduce that

2
. VT =42
1 T(k L =t 51
Jom et ) < o (51)

2

The expression shows that the interval error width is bounded by 7 =+2
a1

which depends on « for given « and «.
Furthermore, the stability at the switching instants is guranteed based on

@ which yields
My, — My, =0 (52)

By appying the Schur complement, we get

pMq, Iy
=0 (53)
I,  Mg;!
I, 0,
Let us multiply the both sides by , we have the following inequal-
0, My,
ity
Ws, My,
=0 (54)
My, My,

with W, = pM,,.
By making a recursion for the inequality over the interval [k;, k), one can
write:

Vo, (et (k) < (1—a)" MV, (et (ky),VieT,N (55)

In addition, based on (@, we obtain at the switching time k;,

Vo, (€7 (k) < Vo, _, (e (k) (56)

17



175

180

Let us define ¢ = N,, (0, K), at instant K, by using and we can write

Vo (67(K)) < (1—a) 79V, (e (k)
n

= N ).
(57)
< s (1= ) Vo, (e4(0))
ANK
= (=) ™) Vo (et o))
Therefore, if the average dwell time satisfies @ we obtain
BN CIn(l-a 11—«
Q- <O-a)u HE <=1 (58)
Let equations , , and hold, then
Vo (et (k) < (1—a) MV, (et (k)
_ T(k))
< (] — o)k o (€7 ( +
— ( Oé) Vgl (eJr(k )VUl (6 (k)) (59)
< 22 (1= ) MV (et (k)
aq
At switching time, k = ki,
Qs
Viu (e (k) < 22Va (e () (60)
with p = 22,
aq

Then, the ISS conditions presented in Lemma 4] are verified for e*. Note that
., = Py, 2{ — Py, 21 and since P,, is bounded, one can deduce that €, is also
bounded. The same arguments show the the stability of the estimation error

e~ and thus e, is bounded, therefore, — represent an interval observer
for .

An optimum average dwell time is fulfilled by defining an objective function
added to LMI conditions. As presented in [3], this optimum is ensured by

minimizing p in the following objective function

B+ (1=B)y (61)

with 8 € [0, 1]. O

18



3.3. Interval state estimation in the original coordinates

Based on the estimation of the state in the coordinates z1, the bounds x and

T are deduced in the following theorem.

Theorem 3. Let the assumptions of Theorem[1] and Theorem[d hold, then

w(k) < 2(k) <T(k), ¥ k>0 (62)

where
— _ + = — + = — ~
ry = Tlcrkzl - Tlo'kgl + TQD'ky2 - TZokyg

+(_T20‘k U’20’)¢)-"_5 + (_TQG‘)‘: U2O’)¢)_@

x; = Tﬂ;k& - Tlla'kzl + T;‘;kQQ - TQ_‘TIjQ
- (_TQUk U20‘1€ )+6 - (_TZJk U2a‘;€)7§
(63)

= _ 7+ = 1 + = Y
T2 = T30k21 - T3o’;€§1 + T4aky2 - T4okg2

+(7T40'k U20k )Jr@ + (7T40'k U2‘7k )7@

_ 7t 1 = + - - =
QQ - T3o'k§1 - T30'kzl + T4o'kg2 - T4o'ky2

_(_T40'k UQUk )+ﬁ - (_T4O'k U20'k)7@

19



Proof. Recaling that x = T 'z, with T; ! = , then
T3<7k T4ak
x1 | T Tao 21
i) T30’k T4a.k z2
| T Taop 21
i T35, Tio, 1L v Uz, v
| Towz + T20,Y2 — 126, Uzg v
i T30, 21 + Tag, U2 — Tao, Uzg, v

Consider the following observation errors

€ry =T1— T
e, . =TT — X
o b (64)
€y, =Tz — T3
Cry = T2~ Xy
where
€z, = Tf;kEzl + leykEzl + |T20'k- UlUk |6
+(_T20'k UlUk)+(i - U) + (_T20'kU10'k:)_(§ =+ U)?
Cyy = T;:rkﬂzl + Tﬂ)'kEZI + |T201« Ulffk |5
+(_T20'k U10k>+(6 + U) + (_T20'kU1(7k)_(i - ’U)v
with

E21 :El — 21, E

L, =21 —2-

Since, the observation errors €;,, e, , €x,, €

e €., are nonnegative, it yields

z(k) < z(k) <T(k)

To prove the boundedness of Z; and z; with ¢ € 1,2, let us consider the

20
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erTors ey, = 21 — 27 and ey, = Ta — X,

611 = f1 - gl
- (65)
= |T10'k |E21 + |T10'k |Ezl + 4|T20'k UlUk, ‘@7
and
€r, — To — T
S (66)
= |T30'k: |EZ1 + |T3Uk |Ez1 + 4|T40'k Ultfk ‘iv
Furthermore
En (k) = (ngl)+Pok2T(k) - (P11)7P0k21_ (k) - Zl(k) (67)
= (P, )T Pyet (k) + (P,,1)” Pope (k),
and

B0 = =) = (PR Puit 0+ (PR Rasih) o
= (P, )" Py e (k) + (P;,}) " Py et (k).

Since, P,, and P(;kl are bounded for all o, € 1, N, if holds, one can deduce
that E,, and E, . are bounded. Taking in mind the construction of e,, and e,,

then 7; and z; with ¢ € 1,2 are bounded. O

8.4. Unknown input estimation

The upper and the lower bounds of the unknown input d are given in the

sequel. The dynamics of z5 are given by
zo(k+ 1) = Usgpym(k + 1) — Ugg, v(k + 1) (69)

Based on equation , the expression of the unknown input vector at time k
is given by
d(k) = za(k+1) = Agg,21(k) — Asg, 22(k) — Bag, u(k) — o0, (k)
- U20k [ym(k + 1) - U(k + 1)] - A3akzl(k) - A4crk U20kym (70)
+A4UkU20k,v(k) - BQU}«U‘(k) - ‘DQUk (k)

21



The upper and lower bounds of d given by are expressed as

d(k) = [Us, x(k+1) = Us, x(k+1)] — Bag,u(k)

+ [(~Aso) P21 () = (~As0,) " 22(R)] + B
WWF%MMMH%%W
) -

(k + 1)] — Byg,u(k)

(71)
with x(k) = ym(k) — v(k). Where X(k) and x(k) are respectively upper and
lower bound of x(k)

X&) =ymn(k)+v
X(k) = (k) +7 )
X(k) =ym(k) -
Theorem 4. Assume that the assumptions of Theorem [q are satisfied, then,

is an interval estimation for the unknown signal d, such that
d(k) < d(k) < d(k). (73)

Proof. Let us define the upper and lower bound of the observation errors of the

unknown input d as

(74)

Using and , we obtain

ea(k) =Us, [X(k+1)—x(k+ 1]+ Uy, [x(k+1)— x(k+1)]
+H(=Az0,) T E1(k) — 21(R)] + (= As0,)” [21(K) — 2, (K)]
(= At0 V20 [ () = ()] + (~As0,U20,) ™ [ym(R) — y,, (K)]
+(A4(7k: U2Uk)+ [E - ’U] + (A4(7k: U2Uk)_ [6 + U] + [EQUIC =+ "DQUJ

ealk) = Ug,, [x(k+1) = x(k+1)] + Us,, [x(k+1) = x(k + 1)
(Ao, )" [ (k) = 21 (B)] + (A3, )™ 1 (k) = 21 ()
(A1, Uz )[4 (8) = 9, (0)] + (= At Ua) ™ (51 (k) = g ()
+(Ato, Uzg )T [0 = 0] + (Aso, Use,,) ™ [0+ 0] + @20, — @20,

(75)

22



By analysing the construction of the bounds of the observation errors of the
1o unknown input d given by , and taking in mind Assumptions|lH2] the upper
and the lower observation errors of the unknown input €4 and e, are nonnegative.

To prove their boundedness, consider e; = d — d. Hence,

eq =Us, [x(k+1)—x(k+1)] 4+ Us,, [X(k+1)—x(k+1)]
H(=Azo )T Z1(R) = 21 (0)] + (= Az0,) ™ [21(R) = 21(R)]
(A1 Ua ) [T () = 1, (0)] + (= At Uzo,) ™ [Tn (8) — 3, (B)]

—i_2|f4401C UQO'k ) |6 + 2520;9
(76)

Using results of Theorem [I] and Theorem [3] as well as taking in mind the con-

struction of eg4, the boundedness of d is verified. O

4. Numerical simulations

Given the system with three modes (N = 3) where:

0.55 0.5 0.7 0 1
010
A = 0 08 05 |,Bi=]05],C = , D=2
1 0 1
0 0 04 0.7 1
0.2 —0.1 0.1 0.4 1
1.01 0 1
As=1|1 0 04 02|, B2=1]03],Ca= , Do = 0
1 1 1
0 0 0.1 0 4.73
0.09 0.09 0.09 0.1 1
1 0 1
As =1 0.09 0.18 009 |, Bs=1 0.0 |, C3= , D=1 21|,
0 1 1
0.09 0.09 0.27 0.1 1

ws w(k) and v(k) are respectively the disturbances and the measurement noises
which are uniformly bounded such that —w < w(k) < w withw = [ 0.06 0.06 0.06 } ,

and —7 < v(k) <7 with = | 0.06 0.06 |- The unknown input is given as

23



d(k) = 0.5sin(0.5k). As above-mentioned, the synthesis of the unknown input
interval estimation is subdivided in two steps.
200 Step 1: Synthesis of the unknown input
The unknown input is partially decoupled based on the nonsingular state

and output transformation 75, and U, ! given repectively by and

-2 1 0 0 1 0
T = —1 0 1 , Ty = —4.73 0 1 )
0.25 0.25 0.25 0.1752 0.0871 0.1744
—0.5 1 0
T3 = -1 0 1

0.32 0.24 0.56

-1 1 —0.9983 1 —0.75 1
Ul = ) U2 = ) U3 -
0.25 0.25 0.0873  0.0871 0.32 0.24

Step 2: Interval observer design for the unknown input-free subsys-
tem

To relax the design conditions, based on the Yalmip toolbox, we first look
for observer gains L,, such that holds. Secondly, we propose a nonsin-
gular transformation P,, such that the matrices P,, ([11% — Ly, C’,,,C)P(;k1 are

nonnegative. The parameters in Theorem [2] are given as a = 0.9 and a; = 0.1,

0.1 O 0.1036 0 0.1007 0
M, = , Ms = , M3 =
0 0.1 0 0.1010 0 0.1005
—0.035 0.0329 0.0082
S1 = 5 Sy = ) 53 =

0.01 0.0716 —0.0022

The interval observer gains are computed by L,, = M, 1Sy, with

—0.35 0.3177 0.0813
Ll p— 5 L2 p— B L3 pr—
0.1 0.7093 —0.022

24



The matrices Py, , Yoy, € T,3 ensuring the nonnegativity of Py, (A1, — L, Co, )Pyt

Ok
are given by
—0.5555  0.4444 0.0018  —0.0006

Pl - ; P2 ;
0.5555  0.5556 —0.0018  1.0006

0.2109  0.1582
—0.2109 0.8418

Furthermore, p = 3.0973 leads to an average dwell time 7, > 0.4910. The
switched signal oy, verifying the average dwell time is plotted in Figure[I] The

3 T
[—switching signal

P - L I L L
1 3 5 7 9 1 13 15 17 19 21 23 25 27 29 31 33 35 37 40

Time(s)

Figure 1: The switching signal

25  optimal value of 7 is equal to 0.1147. Despite the disturbances and the switching
instants, the proposed interval observer is depicted in Figure [2f where solid line
and dashed lines represent respectively the state and the estimated bounds
fulfilling the conditions of Theorem[[Jand Theorem[2] This leads to the inclusion
x < x <7 and to the ISS stability of the estimation errors. Moreover, the upper

20 and the lower bound of the unknown input d are drawn in Figure [3] where the
solid line is the unknown input. It is enclosed by the dashed lines which are the
upper and lower estimated bound. These simulations show the success of the

used approach and the robustness with regard to the disturbances.

5. Conclusion

215 A simultaneous input and state interval observer is proposed in this pa-

per for discrete-time linear switched systems subject to bounded noises and
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220

Unknown input d

disturbances.

observer are derived in terms of LMI. Finally, the effectiveness of the proposed
approach is shown on a numerical example. For future works, the case of un-
known switching signals will be considered. The extension to Linear-Parameter

Varying switched systems as well as the application for fault detection are also

-05

Moreover, sufficient conditions for the stability of the interval

T
_stalexl
IS - - upper bound P
lower bound '

10 15 20 2 30 35 40
Time(s)
T <
N
"~ —slalex2 ) '
DN . . |"~upper bound K |
DA “ K lower bound g

I
10 15 20 25 30 35 40

Time(s)
T ’
—statex, N i
. - - -upper bound DA
= AN i lower bound [RVAY -

I
10 15 20 25 30 35 40
Time(s)

Figure 2: State and estimated bounds

I
10 15 20 25 30 3h
Time(s)

Figure 3: The unknown input

26
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230

235

240

245

promising directions to be considered. On the other hand, extension to interval

observer design for discrete-time switched systems with unknown inputs in the

spirit of what is done in [38] is also an interesting perspective.
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