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Abstract: This paper considers actuator fault detection and isolation (FDI) problem for a class of
linear discrete-time systems with constant time-delay. Based on delay-free representation, a novel fault
detection and isolation scheme based on a bank of £, fault detection observers (FDOs) is proposed.
Under the assumption that the disturbances and measurement noise are unknown but bounded, L.,
performance is introduced to reduce the effects of disturbances. Meanwhile, the FDOs are designed to
be sensitive to the fault by means of fault detectability indices and matrix. The design conditions of the
proposed FDOs are derived in terms of Linear Matrix Inequalities (LMIs). Furthermore, a zonotopic
analysis method is presented to achieve the residual evaluation. Simulation results are provided to
demonstrate the performance of the proposed approach.

Copyright © 2022 The Authors. This is an open access article under the CC BY-NC-ND license
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1. INTRODUCTION

Time-delay systems have been widely studied in the last
decades due to their frequent presence in engineering applica-
tions such as chemical and biological processes, hydraulic sys-
tems and manufacturing processes (Niculescu and Gu, 2012).
For instance, the emergence of delays in dynamical systems
was diagnosed as one of the major source of instability and poor
performance (Sipahi et al., 2011). Among the various reported
problems encountering time-delay systems, Fault Detection and
Isolation (FDI) has attracted the interest of many researchers.
For instance, ensuring a high level of safety and reliability is a
fundamental issue. FDI for time-delay systems have been stud-
ied through various methods such as parity space approaches
(Wang et al., 2010; Fang et al., 2007), geometric approaches
(Qiao et al., 2016; Meskin and Khorasani, 2009) and observer
based techniques (Hamdi et al., 2018; Atitallah et al., 2017).

From a practical point of view, the presence of model uncer-
tainties, unknown disturbances and noises can affect the perfor-
mance of fault detection and isolation. Accordingly, robust FDI
approaches are required. Many researchers have focused in the
field of robust fault diagnosis by introducing H co performances
to analyse the robustness against the disturbances (Bai et al.,
2007; Bedjaoui et al., 2006). Note that the H oo norm is poorly
adapted to residual evaluation since it is a measurement of
energy-to-energy gain while the energies of various practical
disturbances or noise signals are unbounded. Instead, £, crite-

rion, which describes the peak-to-peak performance index, can
be considered as an alternative solution to enhance fault detec-
tion performances under a more feasible assumption that the
disturbances are unknown but bounded (Tabarraie, 2013). For
instance, Wang et al. (2017b) proposed the concept of H_/ L,
fault detection observer (FDO) for linear parameter varying
systems with unknown disturbance and actuator fault. In (Han
etal., 2018), H /L., FDO was extented to linear discrete-time
descriptor systems. To the best of the authors’ knowledge, £,
FDOs have not been fully investigated in the case of time-delay
systems.

On the other hand, set-membership approaches have been con-
sidered as an interesting alternative to deal with the effects of
bounded uncertainties which are supposed to belong to compact
sets such as intervals, ellipsoids, polytopes and zonotopes. In
recent years, fault diagnosis based on zonotopic techniques
has received a great attention (Zhu et al., 2021; Tang et al.,
2020; Wang et al., 2017a). In the aforementioned references, the
zonotope-based FDI approaches have been proven to provide
systematic dynamic thresholds for residual evaluation.

By combining the benefits of L., FDO design and zonotopic
residual evaluation, this paper proposes a novel actuator FDI
technique for linear discrete-time systems with constant time-
delay. The main contributions lie in the following aspects.
Based on the delay-free augmented system equivalent repre-
sentation, a bank of robust FDOs is designed, based on Ly,
performance and fault detectability indices and matrix proposed
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in the work of Keller (1999). Each FDO is decoupled from a
certain actuator fault while sensitive to the others. Based on
these FDOs, residual evaluation is achieved by using zonotopic
analysis.

This paper is arranged as follows. In section 2, notations and
some preliminaries are presented. Section 3 is devoted to the
fault detection and isolation proposed technique. Simulation
results are shown in section 4. Section 5 concludes the paper.

2. PRELIMINARIES

Notations. In the sequel, the following notations are used. R"
and R™*" denote respectively the n and m xn dimensional Eu-
clidean spaces. Cj, = C([—h, 0], R) represents the set functions
defined on the interval [—h, 0]. The symbol I,, denotes an iden-
tity matrix with dimension n. For a matrix P € R™*", PT and
PT are used to represent the transpose and the Moore-Penrose
pseudo-inverse of P. If P is positive (negative) definite, we
denote it as P > 0 (P < 0). For a signal zy, its Lo,-norm

is defined as ||z||c = supg>ol|zk||, where ||z|| = (/2T zy.

An asterisk * represents a term induced by symmetry in a
symmetric block matrix. The Minkowski sum is denoted by @.

The following definitions, property and lemma are used in this

paper.
Definition 1. (Combastel, 2015) An s-zonotope Z C R" is the
affine image of a hypercube B* = [—1, 1]° in R™ and can be

expressed as:

z=(p,H)=p® HB’, (1)
where p € R” is the center of Z and H € R™** denotes its
generator matrix.
Definition 2. (Combastel, 2015) For a zonotope 2z C R", its
interval hull Boxz(Z2) is the smallest interval vector containing
it, which is denoted by:

Z C Box(2) = [2,7], 2
where [z,Z] = {z € 2,z < z < Z} is an interval vector, z and
Z are the lower and upper bounds of z.

Property 1. (Combastel, 2015) For zonotopes, the following
properties hold:

(p1, H1) @ (p2, H2) = (p1 + p2, [H1 H2]), (3a)

(p, H) C (p, 14 (H)) € (p,rs(H)), (3b)

where p,p1,p2 € R", H, Hy, Hy € R"*™ and K € RF*™,
1q (.) denotes the reduction operator where ¢ is the maximum
number of columns of the generator matrix after reduction and
rs(H) € R™"*™ is a row sum diagonal matrix given by:

rs(H) = diag{ Z|ng| Z|Hn3| }-
j=1 j=1

Note that (p,rs(H)) is a box, i.e., an interval vector, which
represents a box outer bound of (p, H).
Lemma 1.(Rao et al., 1972) Given matrices A € R**t, X ¢
RP*¢and B € R**¢. Ifrank (X = c), then, the general solution
of AX = Bis

A=BX"+8(I-XXT), (4)
where S € R%*? is an arbitrary matrix.

3. FAULT DETECTION AND ISOLATION FOR LINEAR
DISCRETE-TIME DELAYED SYSTEMS

In this section, a fault detection and isolation (FDI) methodol-
ogy is developed for linear discrete-time systems with constant

time-delay. The proposed technique consists in the use of a
bank of L., observers, which are robust against disturbances
and noise, meanwhile sensitive to fault. The number of ob-
servers constituting the observers bank is equal to the number
of faults ny under consideration. For the designed observers,
the residual evaluation and FDI decision logic are achieved
based on zonotopic analysis. Fig. 1 shows the schematic of the
proposed FDI strategy.

Zonotopic analysis

e e

Fig. 1. Schematic of the proposed FDI strategy

Consider the following linear discrete-time delayed system
with actuator faults described by:
Trt1 = Axg + Apxp—n + Bug + Diwg + F fi,

yr = Cxy + Davy, (%)

Ty = (bk, ke [—h,O]
where z; € R™, u € R™, yr € R™ and f;, € R"f are the
vectors of state, input, measurement output and actuator fault,
respectively. A, A, B, C, Dy and D5 are constant matrices
of appropriate dimensions. F = [Fy Fy --- F, ] is the fault
distribution matrix. It is composed of the columns of B which
correspond to the faulty actuators (ny = n,). wr € R" is
the unknown process disturbances vector and v, € R™ is the
measurement noise vector. ¢ € Cj, is the initial condition and
h € Z4 denotes the constant time-delay.

In this manuscript, the following assumptions are used.
Assumption 1. The pair (A, C) is observable.

Assumption 2. The initial state vector x, the process distur-
bance vector and the measurement noise vector are assumed to
be bounded by the following zonotopes:

Tk € <pk7H7€>a wg € W = <07H'w>7 Vg € V= <07HU>7

where p, € R", H, € R"*" H, € R"*"™ and H, €
R %" are known vector and matrices.
In order to propose a robust FDI technique for the system (5),

we define &, = [z} x{_ h}T. Then, the system (5) may be
rewritten as a delay-free augmented system described by:

Thy1 = Ai‘k + Buk + ljlwk + ka,

yx = C¥y + Davy, (6)
T = [(bk, 0], ke [—h,O]
where
s | A A ~ | B = | F ~ | Dy
a=lo] o= [2) 7= [5] 2= [T):
Cc=[Co].

Note that the FDI problem for (5) is converted to design a FDI
approach for the delay-free augmented system (6).

Remark 1. 1t is clear that the augmented system (6) does not
contain any time-delay associated with the state vector Z5. As
a result, the problem of FDO observers design for the system
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(6) can be easily solved by employing classical results. To end

this note, the pair (A4, C) is assumed to be observable at least
detectable.

3.1 Fault detection observer design

The ith observer is designed to be decoupled from the :th
actuator fault. The stucture is formulated as follows:

‘%24-1 = Aiz + Buk + Li(yk — éi%),
T;c =Yk — OJAZZ,

L ()
1= 1 ey g

where # is the estimation of . r represents the generated
residual signal. L; € R?"=*" is the observer gain matrices to
be designed.

The objective is to compute the observer gain matrices L; to
attenuate the effects of the uncertainties and improve the fault
sensitivity on residual signal. For this purpose, the definitions
of fault detectability indices and fault detectability matrix of
system (6) are introduced as follows.

Definition 3. (Fault detectability indices (Keller, 1999))

The fault detectability indices of system (6) are defined as

p = 1{p1,p2; -, pn, } Where
pi =min{v: CA"VE; #£0, i={1,2,...

where Fi is the ith column of the matrix F.

Definition 4. (Fault detectability matrix (Keller, 1999))

With the fault detectability indices of system (6) are defined as
p = {p1,p2, -, pn, } the fault detectability matrix is given by:

U= [ATR AT TR )

By defining the estimation error vector ef, = &, — 2%, the error
dynamics can be formulated as:

€Lyl = (121 — LZC')B;C + Eidy, + Efk,
r}; = C’e}; + Dovy,

= [D1 — L;Dy],

For efficient fault detection and isolation, it is essential to

attenuate the effects of disturbances and noises and to improve

the sensitivity to fault on the residual signals. Herein, the error

dynamics (10) can be split into two subsystems where the

subsystem (11) is decoupled from the effects of faults, while
the subsystem (12) is only affected by the actuator faults.

®

(10)

where F; dy, = [wi vIT.

TZJC = C’eil)k + Dovy,
{ e},k+1 =(A- Lié)e;,k + Fi f, (12)
Tf k= Cef ks

where e};‘ = 627’? +efpandry =7l 1%, Fork € [<h,0],
€qr =€y and el =0.

Motivated by the works (Keller, 1999), the analysis of the
effects of occurred actuator faults and uncertainties on the resid-
ual signals is achieved using the fault detectability indices and

matrix given in Definitions 3 and 4. This result is summarized
in the following theorem.

Theorem 1. Consider the delay-free augmented system (6). If
there exists an observer gain matrix L; € R?"=*" satisfying:

(A—LiC)¥; =0, (13)

where ¥; = APi—1F; fori = = 1,...,ny, then, the effect of the
fault on the residual signal 7 ¥, can be expressed as follows:

P =Nifik—ps, k>kpt+s, i=1_ny (14)

where A; = C W;, kr denotes of the time instant of fault occur-
rence and s = max{pi, p2, ..., pn, } Tepresents the maximum
value of fault detectability indices.
Proof. From (12), we can derive that:
Ti",k = O(A - L’ié)ei",k—l + éﬁ‘ifk_l
= C(A - L‘é)ze})k_2 + C(A - Lié)ﬁ‘ifkfz
+CFifi
(A—LiC)reh g+ C(A— LiC)* ™ E; fi, + ..+
+ C(A LiC)"*Fifs+ ...+ C(A— L,C)F, fr_1.
(15)
where k > s + ky.

By means of fault detectability indices given by Definition
3.,we have:

zQz

CAI~

C(A—L,CYF; = 'F =0, i< pi
(16)
a7

C(A—LiCYF,=C(A—L;CYPiAP—YE =0, j>ps
(18)

By using (13), we obtain:

(A—L,C)A*~'F; = 0. (19)

Substituting (19) into (18) yields:

C(A-—L,CYF, =0, j>p (20)

It follows that for all j = {1,....,k — k¢ }:

[ . Y APi—1 1 .
G(A - LCYF, = { CAPTE, = ps
0, i#Fpi 2D

Since the ith observer is decoupled from the ith actuator fault,
we have:

’I"f(lﬁ) = O(A — Lié)kE?O + éApi_lﬁifi7k_pi
= C(A — Lié)ke}p + éq}ifi7k—p,i-
Since e},o = 0, the relation (22) is equivalent to (14) which
completes the proof.

(22)

In order to measure disturbance attenuation ability, a Lo, cri-
terion is introduced to attenuate state disturbances and mea-
surement noises. The objective is to design L, for observer (7)
such that the residual satisfies the following L., performance
for given scalars 0 < oo < 1,1 > 0and y2 > 0:

73] < 720k Vo + 2 M2 + A2l 23)
where Vj = eg_OTPieg_O and P; is a positive definite matrix to
be designed.

To this end, the following theorem is proposed.

Theorem 2. Given scalars 0 < o < 1,7 > 0 and v > 0.
If rank(A;) = 1 and if there exist a positive definite matrix
P, € R?"%272 apd matrices G; € R?%=X2% and Y; €
R27e X (2ne+ny) guch that the following LMIs
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—aP; * * *
0 —-(1-wo)l,, * *
0 0 —(1—a)l,, % <0,
o Qs Q3 P, —G; - GT
(24)
cTC - 712Pl- *
pi¢ pip,-~pr, ) <0 @
hold, where
Q) = GiA — G AUAIC — Yi(I — ;ADC
Qo = GiAWAI Dy — Yi(I — A;AD Dy (26)

Q3 = —G AV Al Dy 4 Vi(I — AA]) D,
then, the error system (10) is stable and satisfies the perfor-

mance (23). If the LMIs (24) and (25) are solvable, then the
observer gain matrices L; are given by:

Li = AGAIGTY,(I - AL, =T, ny. (27)
Proof. Since rank(A;) = 1, based on Lemma 1., the observer
gain matrices L, can be obtained by solving the equation (13).

It is given by:

Li = AUA] + G7YY(I - M), i=T, 2 ny. (28)
From (26) and (27), the inequality (24) is equivalent to:
_aﬂ * *
0 —(1=a)ln,+n, * < 0.
Gi(A— L,0) GiE P —G;-Gf
(29)

By pre-multiplying and post-multiplying the inequality (29)
with

L., 0 (A-L,O)T

[ 0 Inw+nu E;[ :|
and its transpose, we obtain:

T
Wi@2 <
wo W3 ’

wy = —aP; + (A - L)' Py(A - L;C)
= E{ P(A— LC)
wy = —(1—a)l,+n, + E{ PE,
Then, pre-multiply and post-multiply the inequality (30) with
[eg_’kT dF]" and its transpose, respectively, it follows that:

(30)

where

- O‘efi,kTPiefi,k + efi,kT(A — LiC)"Pi(A - LiC)eyy,
+eb, (A= LiC)TPEdy, + dF BT Pi(A — LiC)ely,
— (1 —a)dfd, +df EFBrd, < 0.

(31
Define the following Lyapunov function:
Vi =eqyr Piegy, (32)
then the relation (31) is equivalent to:
Vierr < aVi + (1 — a)dy dy, (33)
it follows that:
k=1
Vi <a"Vo+ (1—-a)> oddf  jdi1j
3=0 (34)
< oV + (1 - a®)lldl13,

< a*Vy + ||d||%.

In addition, by pre-multiplying and post-multiplying the in-

T
equality (25) with [eg kT ”/ﬂ , and its transpose, we have:

. T ~ ~ . . T . . T ~
€.k C’TC'efiyk - 'yfeka Pieg )+ eqr CT Dy (35)
+ v,{DQTC'eZ“C + v} DY Dovy, — 720l vy, < 0.
Since 7’21,1@ = C‘eﬁm + Dauy, it follows from the relation (35)
that: oy )
llrall® < 2Vi + 23110l
<7t Vo + 3 [ldl 13, + 3]l
which implies (23).

(36)

3.2 Zonotopic analysis

After designing the bank of observers (7), a zonotopic analysis
is used to evaluate the FDI consistency test. Assume that the
uncertainties are modelled by zonotopes, this method consists
in computing a zonotopic residual set relying predominantly
on set propagation. Starting from the set of initial residuals,
this technique iteratively propagates a sequence of residual sets
according to the system dynamics.

If all the residuals generated by the observers belong to the
corresponding zonotopes, the system is fault-free. However,
once a residual is excluded from the corresponding zonotope,
it follows that a fault occurs. If the ith residual generated by the
ith observer is belong to the corresponding zonotope :R,; and
other generated residuals exceed the corresponding zonotopes,
it follows that the ¢*th actuator is faulty. The procedure of FDI
logic can be summarized in the following:

. €ERL, i=1,...,ns (Fault-free)
nER & Tk%%v iF ]
Checking whether the residual i is excluded from the the

residual zonotope ®,' or not requires solving the following
constraint problem:

TG
Hk7121 =0,

( fi occurs) ©7

o (38)
H,Z’;yz;y =0,

—1<2 <1LVi=1,..¢
where H,Z;,Vj = 1,...,n, denotes the jth component of

residual matrix H ,:Z and z; represents the jth component of

uncertain vector #* bounded by hypercube B¢ (we consider a
zonotope K, reduced to dimension q).

By means of the interval-hull in Property 1, the zonotope &’
can be projected into interval bounds as:

ﬁw- = —rs(H;’i)jj, Vj=1,..,nyVk €N,
:rs(H,Z’i)jj, Vj=1,..,nyVk €N,

where z}'“ ; and FZ ; are respectively the lower and upper bound

§ (39)
"'k,
of the jth component of the residual signal 7t ‘ ‘ ‘
Hence the condition 7}, € R, is equivalent to r}, € [r}, ;,7} ;]
forj =1,...,ny.

Theorem 3. The residual signal r%, defined in (10), is bounded
by a zonotope % = (0, H,'*), in fault-free case (fi, = 0),
where

H]' = [CHY" DoH,), (40)



Naima Sehli et al. / IFAC PapersOnLine 55-25 (2022) 169-174 173

and H;"" is given by:
Hyly =(A-LiC) 1 (Hy") DiH, — L;D2H,);
e H]lq 0 _
H = [o H;Z_J Yk € [=h,0].
(41)

Proof. Based on Assumption 2., we have x5, € (pi, Hj) for

o= [HL 0
all k € [~h,0] with H} = [ o
&}, = p}, Vk € [=h,0], then the sub-estimation error €, ;. is
bounded by a zonotope €}, ;, € (0, H}), Vk € [—h,0].
According to the error dynamics in (11), it follows that:
ngH—l € ZI?—QZ—I = <07Hlsi1>7

= (A-L,C)® (0, HY"y @ Dy © (0, Hy)

@ (—L;iD2) © (0, Hy).

} . We assume that

_ (42)
Using Property 1., the generator matrix H 1?41-1 can be obtained
by (41). _
Then, from (11), 7}, € K = (0, H;"") such that:

H' = [CHY" DoH,).
4. CASE STUDY

Consider a simple mathematical model of the Mach number
dynamic response to guide vane changes described in the work
of (Manitius, 1984). The delay in the state variable denotes the
transportation time between the guide vanes of the fan and the
test section of the tunnel. The discrete version of the nominal
model can be reformulated in form of system (5) with the
following parameter matrices:

0.9949 0 0 0 —0.0016 0
A=| 0 09983 0.0095|, A4, =0 0 o] ,
0 —0.3431 0.9068 0 0 o0
0 00 0
B=F=|1 11],[)1:[ 0 C:[é}?]
01021 0.0095
0.01
D, = {0.01] :

Then, we can obtain the parameter matrices of the delay-free
augmented system with

0.9949 0 0 0 —0.0016 0
0 09983 000950 0 0
1| 0 0331090680 0 0
=1 o 0 0 0 0 o]
0 0 0 0 0 0
0 0 0 0 0 0
0 0 00
0 111
- 100095| = - 01021
Di= "y |- B=F=14 ¢ o|:
0 0 00
0 0 00

= 110000

= [o 1100 0}
Note that, for the first actuator, we have CF} = 0. Hence, the
associated fault detectability index is p; = 1. Therefore, the

fault detectability matrix for the first actuator is obtained by
U, = F.

Similarly, we have po = p3 = 1 Therefore, the fault detectabil-
ity matrices are obtained by W = Fg and U3 = Fg.

Itis clear that rank(C¥,) = rank(CW¥s) = rank(C¥s3) = 1,
then by letting « = 0.3 and v = 72 = 0.1 and solving the
LMIs in Theorem 2., we obtain:

—2.4246 2.2042
3.35619 —2.1388
—4.2167 3.6039

—2.7564 2.2970
3.6854 —2.2377

—4.6409 3.7327

le ;LQZ )

0 0 0 0
0 0 0 0
0 0 0 0

—4.8835 2.4417

5.8064 —2.3993
_7.3031 3.9334
Ls=1 ") 0
0 0
0 0

In the simulation, the initial state, is bounded by zonotope as
zy € (0, Hy) where

0,
Hi : { 0.5x% I,

The disturbance and measurement noise are considered random
signals bounded by wy, € (0,0.5) and v(k) € (0,0.1). The
control input is chosen as uy, = [0.1 0.2 0.3]7 and the time-
delay is time-invariant with h = 6. The maximal zonotope
order is chosed as 10.

k=-h,...,-1
k=0

Note that the linear time-delay system is affected by the follow-
ing additive faults:

k<25

f= 0 k < 200
7004 25<k< 75’

P 0
37004 k>2000

=0 k<125
>700.45 + 0.1cos(0.1(k)) 125 <k < 175"

The first and the third actuators are affected by abruts faults f;
and f3 respectively, meanwhile the second actuator is affected
by a time-varying fault fo.

The simulation has been carried out for Ny = 250 sampling
time steps and the simulation results are shown in Fig. 2-4,
which show the evolution of residual signals derived from FDO
1,2 and 3, where solid lines present the residual signals and red
and blue dashed lines correspond to the upper and lower bounds
of the residual signals computed by (39), respectively.

From Fig.2, it can be seen that the residual signals generated
from FDO 1 are decoupled from the first fault f;, however, they
can detect quickly the second and the third faults (f2 and f3)
after their occurrence. According to the proposed FDI strategy,
the first actuator is faulty and the fault f; is completely isolated.

Similarly, for the FDO 2 (Fig.3), the residual signals are sensi-
ble to f; and fs3. Then, the fault f5 is completely isolated.

For the FDO 3 (Fig.4), the residual signals are sensible to f;
and f,. Then, the fault f5 is completely isolated.
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Fig. 2. Residual signals of FDO 1.
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Fig. 3. Residual signals of FDO 2.
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Fig. 4. Residual signals of FDO 3.

5. CONCLUSION

This paper proposes a novel FDI scheme based on a bank
of Lo, FDOs and zonotopic analysis for linear discrete-time
systems with constant time-delay. The disturbances and noises
are assumed to be unknown but bounded in given zonotopes.
Based on the delay-free augmented system equivalent represen-
tation, the FDOs are proposed such that the generated residual
signals are robust against disturbances and noises, meanwhile
sensitive to faults by investigating an L., performance and fault
detectability matrix and indices. To achieve fault isolation, the
ith FDO is designed to be decoupled from the ith actuator
fault but sensitive to others. In order to overcome the weakness
of predefining threshold for FDI decision-making, a zonotopic
analysis method is proposed to evaluate the generated residu-
als. A case study is considered to show the efficiency of the
proposed approach. For future works, extension of these results
to the case of time-varying delay and uncertain delays will be
considered.
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