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Abstract

In the context of damped second order linear dynamical systems, we study the
asymptotic behavior of a time discretization of a slowly damped differential equation.
We prove that this discretization can be constructed by means of a variable time step
that gives rise to the same asymptotic behaviour as for the system in continuous time.
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1 Introduction

In this paper we study the asymptotics of an implicit discretization of the following differ-
ential equation on R¢

Z(t) + a(t)z(t) + VE(z(t)) =0, t > 0. (1)

Here a denotes a real-valued map that will principally satisfy the following assumptions: a
will be positive, tending to 0 and merely L>°(R"). This behaviour was referred to, in the
literature, as a slowly decaying damping (see [6, 7, 13, 20, 5]). For example, one can take
a(t) := ﬁ for some 3 € (0,1). The function F is a real-valued function given on R? which
can be thought as a potential energy.

The asymptotic behaviour of solutions of (1) or some variants (e.g. a might also depend
on #) has been extensively studied. Indeed equations like (1) appear naturally as model
of physical problems in finite and infinite dimensions. The asymptotic behaviour of such
models reflects natural physical questions among which knowing the convergence to some
equilibria or to specific sets is important. Let us note that in the framework of infinite
dimension, equations like (1) appear while doing space discretizations of nonlinear damped
wave equations.

Of course performing numerical simulations in order to illustrate or predict some asymp-
totic phenomena leads to understand if similar results that can be proved or are expected
for models as (1) hold for discretization.

Systems like (1) are a particular case of dynamical systems of

(t) + G(z(t)) =0 (2)

for which the amount of works on asymptotics is far more huge. Examples occur of G that are
gradients (one refers then to gradient systems) and for which non convergence to equilibrium
points for (2) or some discretizations holds. One may quote [22] (see also [16]) in which an
example of a smooth gradient system that has non convergent bounded trajectories is given
and as a prolongation of this result, in contrast with the genericity given in [19], [14] gave
an example of gradient system with an open set of initial data with non convergent bounded
trajectories. For discretizations, a counterexample of convergence is given in [4].

Also in the context of gradient systems, S. Lojasiewicz [17, 18] showed the convergence of
global and bounded solutions when the nonlinearity is analytic. The main ingredient of his
proof is an inequality which relates the potential of the gradient (see (24)). This result was
then generalised to the second order system (1), first in the case where a(t) = 1 (see [12]),
then in the case where a(t) tends to 0 (see [13]).

We consider below (see (7)) an implicit discretization of (1) mostly under the assumptions
given in [13] where the asymptotic of (1) is studied.

Our main result (theorem 3.7) essentially says that the asymptotic behaviour of the
sequence defined by this discretization is the same as the one given in the aforementioned
paper. Precisely we give sufficient conditions in order to assert the existence of the sequence
defining the discretization and the convergence of the discretized sequence to an equilibrium



point. We would like to emphasize that, in order to obtain the decrease of some energy, we
are lead to consider an implicit scheme in time with variable steps. The size of the steps are
related to the assumptions on a but allows the time discretization to go to infinity.

We are also able to give the speed of convergence to the equilibrium and it is again the
same as in the continuous case.

Let us also mention that the use of variable time steps in the discretization of (1) could
also probably be helpful in an explicit or semi-implicit discretization of

#(t) + (D)%) + VF((t) = 0, > 0, (3)

but up until now we were only able to study the asymptotic behavior of an implicit scheme
for (3). It should be emphasized that, for the implicit discretization of (3), in order to
prove the convergence of bounded trajectories, in [15], a discrete angle condition obtained
when F satisfies some Lojasiewicz inequality (see (24) below for the definition of such an
inequality) is used. Such angle conditions first appeared in the continuous case and some
specific discretizations in [1] (see also [9]), while for discrete situations they were also used
in [2]. Despite their powerful potential, the results of this paper do not rely on them.

The following section presents the construction of our implicit discretization.

Then in section 3 we will state and prove our results of asymptotic convergence for our
implicit scheme.

The last part of this paper consists of numerical simulations performed in situations with
or without the theoretical assumptions of our main result.

2 Construction and existence of the variable time-step
scheme

In this section we present the discretization that we are going to consider and prove its
existence.
Let F : R — R be a C! function such that

Jep >0/ Yu,v € R ||[VF(u) — VF)|| < cpllu —v]. (4)

It is easy to check that hypothesis (4) on F implies the following inequality (see for example
[2, 15])

Vu,v €RY < VF(u) — VE(),u—v >> —cp|lu—v|?, (5)
Vu,0 € R F(v) > Flu)+ < VF(u),v —u > —%Fnu — % (6)



For (t,) an increasing sequence of positive numbers and a a non-negative function, we con-
sider a sequence (U, Vp)nen in R? x R? satisfying

Un+1 — Up

Atn = Un+1
VUpa1 — Un
z—t = —a(tni1)Vnr1 — VF(Ung1) (7)

Ug, Vo € Rd

where Vn € N, At,, := t,,1 — t,. The reason for which the sequence (At,) is not assumed
to be a constant as described in the introduction will appear in inequality (11).
The energy of the system governed by (7) is defined by

B(u,) = 5ol + Fla).

The existence and uniqueness of a sequence satisfying (7) is not clear in general. The
proposition below gives some sufficient conditions for which it is the case.

Proposition 2.1. Assume that F is of class C1(RY), coercive and that (4) holds. Let us
also assume that a € L®(R?) and that for any K compact subset of R there exists oy, > 0
such that a > ag on K, then for any (ug,vo) € R, for any increasing sequence (t,), if
Vn € N, t,41 — t, is small enough the sequence (uy,v,) given by (7) is well defined, and we
have

Vn € N E(upi1,Vn11) < E(up, vy).

Proof. First of all, according to the continuity of F' and its coercivity, we can assume that
F > 0. We consider (ug,vp) € R* and choose R such that if E(u,v) < Ey := 1]Jvo||* + F(uo),
then u € B(0, R). If we denote R’ = \/2Ey, we clearly have ||vo]| < R'.

Let NV be a bounded and continuous and globally lispchitz function coinciding with —V F’
on B(0,3R). We denote Lg g the lipschtiz constant of N.

We choose some C' > 0 such that for all n € N, one has At,, < C.

Let us consider the following map defined on R?? :

F(u,v) = (ug + Atgv, vg — Atga(t)v + AteN (u)). (8)

We claim that for C' small enough depending only on R, F is a contraction. Indeed, we have,
for ((u,v), (u/,v")) € R? x R*,

17 (u,0) = F(', 1) loo < C(L+ |aloo + Lrg) [[(w,0) = (1, 07) oo,

which proves our claim.
This proves the existence of a unique (uy,v;) such that

(U,l,Ul) = F(ul,vl).
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Since |lui]| < Atgllvr]] + ||Juol| and [Jui|[(1 + Atga(ty)) < |jvol| + Atol| N/, by the non
negativeness of a, we can chose C' small enough (depending only on R and R’) so that
|lui|| < 2R, so that for n = 0 one has

Un41 — Un
- " = /UTL
AL +1
Upt1 — Up
—Z—tn = —a(tni1)Uns1 — VF(Uni1).

Now by taking the scalar product of the second relation of (7) with At,v,1, it comes

v — v
< ”zt 2 AtyUpyr >= —a(tpi1) Aty ||vng||P— < VEF (i), Aty >
n
or
||Un+1||2_ < Upy Unt1 >= _a(tn+1)Atn||vn+1”2_ < VE(Uns1)s Unt1 — Up > 9)

By using the Cauchy-Schwarz inequality, there holds
1 o 1 2
- <t >2 = lenall? = 5 el (10)

Combining (9) and (10), if follows that

1 1
Slvnall® = Slloall® < —altws) Atulloni [P = < VF(unsa), thapr = un >,

and then
E(un+1,vn+1)—E(un,vn) < _a(tn+1>AthUn+1H2+F(un+1>_p(un)_ < VF(un+1)uun+1_un >

By using (6), we get
c
E(uni1, Vnt1) — E(un,v,) < _a(tn+1>Atn”Un+1”2 + 7F||un+1 - un”2

c
= Aty [altin) = G A fona (1)
so that if At, is small enough FE,.; < E, because our assumption on a implies that
liminf a(t) > 0.
t—ty,
Since then wu,1 € B(0, R) and v,+1 € B(0, R') we can conclude by induction. O

Remark 2.2. It is clear from the proof that proposition 2.1 remains true if instead of (4),
VF' is only assumed to be locally lipschitz.

Remark 2.3. If we only assume that a € L>(R) and that a > 0 a.e. we can still conclude
that V(ug,vp), there exists a non-decreasing sequence (t,) such that the sequence (u,,v,)
defined by (7) is well-defined up to some n such that a(t,4+1) = 0.
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Remark 2.4. In the sequel, we will focus on the asymptotics of a sequence (u,, v, ) satisfying
(7). It is though not clear with the mere assumptions made on a that we have ¢, — oo. In
order to get this, specific a and sequences (t,,) such that ¢, — oo for which proposition 2.1
is true will be considered.

From now on, a will be a positive function in L>°(R) such that

c
Je>0, € (0,1)/VE>0 t) > . 12
e>0,BEO /Y20 alt) > (12)
We may assume without loss of generality that
VieR a(t)<1. (13)
This choice of a is motivated by the work [13] in the continuous case.
We will now choose the sequence (t,,) as follows :
1
t, = clnv, AS (57 1), c1 > 0. (14)
Let us remark that
,_ _a 1 e
Aty =ty —t, = ot O(n2_7) ~ (15)
We choose v and ¢; such that
c c
B =1-—17, —B——F701>0. (16)
o 2

With these choices, there are two positive constants d1, d, such that for all n € N we have :

51AtL, < = < B, (17)

<
L+ ten)? =~ (L4 14,)

Note also that, with this choice, there exists n > 0 such that for n large enough
1
a(tps1) — §CFAtn > nAty,,

and thus this proves, by (11),

Theorem 2.5. For (t,) defined by (14), if F' satisfies the same assumptions as in proposition
2.1, then for any (ug,vo) € R*?, if c; > 0 is small enough, the sequence given by (7) is well
defined. Moreover there exists n > 0 such that for all n large enough we have

E(un-‘rla Un-l—l) - E(“nv”n) S _U(Atn)2||vn+1”2- (18)

Let us remark that with ¢, defined by (14), we have ¢, — oco. This will allow us to
consider the asymptotic behavior of the sequence defined by (7). This will be done in the
next section.



3 Asymptotics for the sequence (u,,v,).
In order to study the asymptotics of a sequence (uy,v,), we define its w—limit set
W((Uny Vn)nen) = {(a,b) € R x R : Iny, — 00/ (tn,,, Vp,) — (a,b)}.

Proposition 3.1. Assume v,c; as in (16) and F' satisfies (4). Let (uyn,v,) be a sequence
satisfying (7) 1. Assume also that F is bounded from below. Then the following assertions
are true:

1. lim E(up,v,) exists.
n—+oo

2. Z(Atn)2||vn+1||2 converges.

Moreover, if we assume that (u,) is bounded, then we get
3. The set w((Up, Uy )nen) is a nonempty compact connected subset of R x RY,
4. The function E is constant on w((t,, Uy )nen)-
5. There is a subsequence (v, ) such that v, — 0.

Proof. According to the theorem 2.5, (F(uy,,v,)) is non increasing, thus converges in R U
{—o0}. For F is bounded from below, we deduce that (E(u,,v,)) converges to a real
number. Using again the theorem 2.5, Z(Atn)QanHHz converges. Now as (uy,vy,) is
bounded ((v,,) is bounded since (F(uy,v,)) is non increasing and F' is bounded from below),
the set w((Un, Vn)nen) is compact in R? x R?. Besides, from the first relation of (7), one
deduces that (u,4+1 — u,) tends to 0. On the other hand, from the second relation of (7), we
get

Una1 — Up = —a(tyy1) Aty — AL,V E (1) njoo 0.
It is therefore standard to prove that w((un, Vs )nen) is @ connected part of R4 x R?.
Let (a,b) € w((tn,vn)nen), then there exists a sequence (uy, ,v,,) that converges to (a,b).
Since F is continuous, then (E(up,,v,,)) converges to E(a,b). This ends the proof of the
point 4 by using the point 1.
Now we prove the point 5. If it is not true, then

de>0 AINeN Vn>N |v,] >e.

This contradicts the point 2 because > (At,)?* diverges. O

'Recall that if moreover F is coercive, there exists a sequence (u,,v,) satisfying (7).



Theorem 3.2. Under the hypotheses of the proposition 3.1, let S = {a € R /VF(a) = 0}
and assume that
0 # argmin F' = S. (19)

Let (uy,v,) be a sequence satisfying (7) and assume that (u,) is bounded. Then

il + IV F ()| = 0.

Remark 3.3. Let us remark that this proves that for all (a,b) € w((u,,v,)), @ € S and
b=0.

Proof. Now let € be a positive real, and we define for all n € N

3

Cbe(un,vn) = E(un,vn) + m

< VFE(up),v, > .
Lemma 3.4. There are two positives constants 1,0 and an integer N1 € N such that for all
n Z Nl

Dc, (Un; Vn) = Pey (U1, Vna1) = 0(AL)[[[vgsa || + [V (w1 [I]*. (20)

Proof. According to the theorem 2.5, for all n € N :

CDE(un—&-l) Un+1) - (I)e<una Un)

< (At |vpsa]]* + < VEF(ups1),Vps1 > — < VF(up),v, > .

€ £
(1+tpn41)? (1+1,)°

Now it is easy to see:

3

(ETAnE
e
N (1+tpe1)? < VEF (Ung1), vn — Atpa(tni1)vngr — AL,V E (Upg1) > (by (7))

eAt,
= _m”VF(Un-H)”Q +

. €Atna(tn+1)
(14 tns1)?

eAt,
= _mHVF(un+1)H2 +

€Atn(l(tn+1)
(Lt tunr)?

< VF(UTH_1>, Un+1 >

£
m < VF(Un+1),Un >

< VF(Upy1), Ung1 >

£
m < VF(unH),Un >

IV E (un 1) o4l



—Lﬁ < VF(up),v, >

(1+t,)
€
— BT < VF(up) — VF(upi1) + VF(tupi1), vy >
£ €
< —||VF(u,) — VF(u, nll = 735 < VEF(upy1),vn >
< IV F ) = VRl = 5 < TF(nea), o
ECF £
< m”un — U1 [[[vnll = ESAL < VE(up41),vp > by (4)
ecpAt,
> (l—FI——t)ﬂ“UnJFIH ||Un+1 + Atna(tn+1>vn+1 + AtHVF(un+1)”
€
—m < VF(U»,H_l),’Un > (by (7))
ccpt, s ecp(At,)%a(tyy 1) ,  ecp(At,)?
< FE v+ SR o, SR o IV P (1)
€
—————— < VF(upy1),vn > .
(1+tn)6 (U +1) v
Note that for n large enough, we have
1 1
(I+tn41)? (14 ta)?
B 1 1
- (I+am+1)7)7  (1+ean?)?
B 1 1 1 1
C?n'yﬂ <611ﬂ + (1 + %)'y>5 cfn%g <61% " 1)/3
B 1 1 1 1
1 B By 1 1 s 1
= 1-— ——4+0(—)| — 1— O(—
since (1<2y<2) Cfnvﬂ [ anYy  on + (nQV)} cfnvﬁ [ cn? + (nQV)
_ By 1
N _cfn%ﬁﬂ * O(n27+’yﬁ)
By 1

_c'ffmﬁﬂ + O(n1+7>'
Thus, thanks to (21) and (16) , there exists & > 0 such that for n large enough, we have

1 1 k

< .
(I+ta41)?  (T+t,)7| 7~ nohHt




Using this we get

m < VF(ups1), vy > —m < VF(upy1), v, >
< NP lon]
< fﬁil IV EF (tupi1) ||| vns1 + Atna(tngr)vner + Aty VF (uniq)|| by (7)
< & (TPl + S22 TPl + S IV F () ) by ()
and then

q)e (un7 Un) - q)s(un-i-la Un-i—l)

eAt, eAt,alt,
> H ol + IV I = ST T F ) ol = (22
ecrpAt, ,  ecp(Aty)?a(tyyy) , ecp(At,)?
N n n T, N3 n F n -
(1—|—t )BH +1H (1+tn)ﬂ ”U +1H (1—|—t )5 ” +1H”v (U +1)”
ke keAt,a(t, 1) keAt,,
— IV i) o | = =572 IV (wni) o | = 5 IV E ()
By using (17) we get
eAt, 9
FEmEE
€CFAtn

m < €CF52(Atn)2.

Combining (17) and (13), we deduce that

eAt,a(t n+1)

(1+tp1)? —

ecp(At,)? (n+1)
(1+t,)?

8cF(At )2 5

(1 T < ecp(At,)”.

< eby(At,)?,

cr(Aty)?,

Using (16) and (15), we get for n large enough

e si(AL)2

n'YﬁJrl -
keAt,a(tn1)
kSAt 51

n’YBJFl -

< 5(51 (Atn)2,
7 (A
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Then (22) becomes for n large enough

q)s (um Un) - (I)e(un+17 Un+1)

30
> [ — ecpds — ecp|(Aty)*vnml* + 871(Atn)2||VF(un+1)ll2

—¢[d2 + ¢ + 201 (AL, )* [ VF (wpr) || [0 -
Using Young’s inequality, then there is a positive constant K = K(d1, d2, ¢r) such that
)
[02 + cp + 201 [ VF (uns)[[[vns | < Kllvpsa|* + ZIHVF(unJrl)H-
So we deduce for n large enough

cbs(uny Un) - q)s<un+17 UnJrl)

4]
> (Aty)*[n = e(epdy + cp + K)]|[vn|* + 651(Atn)2|!VF(un+1)||2. (23)
Now we choose € = €; small enough such that

E(CF52+CF+K) <

N3

Then (23) becomes

N3

)
Do, (ttn, Un) = ey (1, Uns1) 2 5 (AL) [onal + €15 (A)* [ VE (w1

The proof of lemma 3.4 is completed by taking 6 = min (121, 815—1). O

End of the proof of theorem 3.2. Thanks to lemma 3.4 and the fact that lirf O, (U, v,) =
n——+0oo

hrf E(upn,v,) exists, the sum > (A,)?[||vnst]l + |VE (tns1)]|]]* converges. Now since
n——+0o0

> (At,)? diverges, there exists some injection ¢ : N — N such that
g+ IV ()| = 0.

Up to a subsequence, we may assume that (uy,)) converges. Let a, be its limit. Clearly
we have (a,,0) € w((Un, Vn)nen) and VF(a,) = 0. By (19) we deduce that a, € argmin F.
Now, using the point 4. of the proposition 3.1, we get that for all (a,b) € w((un, Uy )nen), We
have

1 1
SIBIP + F(a,) < SIBIP + Fla) = Fla,).

Then b = 0 and a € argmin F' = S. Therefore 0 is the only cluster point of (v,) and
(VF(uy,)), therefore
m Ao, || + |VE(un )| = 0.

n—-+o00

11



In the sequel we assume that there exists 6 € (0, 3] such that

VaeS Ir,>0,>0/YuecR: |[u—al <r, = ||[VF)| > ve|F(u)— F(a)|*?. (24)

Remark 3.5. ([17, 18, 10, 8]) Assumption (24) is satisfied if one of the following two cases
holds:

- F'is a polynomial, or

- F is analytic and § is compact.

For the sequel, we need the following well-known result.
Lemma 3.6. (/3, 11]) Let ' be a compact and connected subset of S. Then we have
(1) F assumes a constant value on T'. We denote by F the common value of F(a), a € T.

(2) There exist r > 0 and v > 0 such that

dist(u,T) <r = ||VF(u)|| > v|F(u) — F|**.

The main result of this paper is the following:

Theorem 3.7. We assume that the hypotheses of the theorem 3.2 are true and that F' also

satisfies (24) and B € (0,7%5). Let (un,v,) be a sequence satisfying (7) such that (uy) is

bounded. Then there exists a € S such that

lm ||, || + ||un — al] = 0.
n—-+o0o

In addition as n — +oo we have

_6-50-96) _ 6-B(1-9)
Hun — a” =0 (tn 1-20 ) =0 (n (1729)(1+5)> (25)
Proof. From proposition 3.1, we know that w((u,, v, )nen) is @ non-empty compact, connected
set. We also know that lim, i ||vn|| = 0 and that w((u,, vy)nen) C x{0} (see theorem

3.2). Let I' = {a/ (a,0) € w((tp, Vp)nen)} and K = lir}rq E(tp,vy).
n—-+0oo

Let’s put H,, = @, (u,,, v,) — K where ®., as in lemma 3.4. Then (H,),>n, in non-increasing,
tends to 0 (and then positive). Assume that for some ng > Ny, H,, = K, then for all n > ny,
H, = K. According to (20), vp4+1 = 0 for all n > ny and then w,, = u,, for all n > ny.

Otherwise, since we may assume that K = 0 (so that we also have that Va € I', F/(a) = 0),
there exists some N; € N such that for all n > Ny, one has 0 < H,, < 1.

It is easy to see that
lim dist((u,), ') = 0.
n—-+4o0o

Applying lemma 3.6, then there exist r > 0 and v > 0 such that

Vu e R dist(u,T) <r = ||[VF(u)| > v|F(u)]'".

12



Since I' = {a/ (a,0) € w((Un,Vn)nen)}, then there exists N > N; such that for all n > N,
dist(u,, ') < r. Then for alln > N

IVF (up)|| > v]F(un)'°. (26)
Asin [21, 2], let n > N such that
H,
Hn+1 > 7 (27)
We have
Hp,
H!—H! K& = / 05’ ds
Hn+1
Z Q[Hn - Hn-‘rl]Hg_l
i %7) 02°'[H, — H,1|HS 1. (28)
For all n > N, we have
, 1 e 1-0
H7YY = | opia|]? + Flups1) + ————— < VE(Unt1), Unsr >
n+1 2” +1” ( +1) (1 +tn+1)'8 ( +1) +1

1 - _ _ _ _
< Gigllon P+ [P ()7 4 & IV E () | om0 (29)

Thanks to Young’s inequality we obtain
- - 1-0
IVE (s ) NonsalI'™" < AUV E ()| + Nvnsa ]|
According to (26), we get for all n > N

_ 1
(i)' < [ VF ()|

Then (29) becomes (using the fact that v, — 0, 352 > 1 and 2(1 — 6) > 1)

N

_ 1 _ 1 B
Himj = (F +e 9) [vnsa | + (; +e1 9) [V F(tny1)]|
< Clllonall + IVE (unia)l) (30)

where C' = max (525 + ], +;7%). By using (30) and (20), (28) becomes

)
Hy — Hy > & A8 (lonsall + IV (unsn))

Then we get

= Q

(Atn)?* (lonsall + IVF (unya)[}) < < [Hy — Hy - (31)

13



On the other hand, let n > N such that
H,
Hn—H S 7
From (20), we get
5(Atn)2[||vn+1|| + ||VF(un+1)|H2 < H, — Hpi1.

Then we deduce

1 1 1 1
Atpllvpq]|] < _%[Hn — Hpq)?2 < E[an
1

< 1 2f
R T (Hy, — Hpiy) -

Since At, ~ -2, then we can assume that for all n > N

1 c; :lfycl SAtnSQ’ycl: 2 clﬁ <1.
204 5) pss - 2017 n'=7 148,55

where we used that v = ﬁ
Then from (33) we deduce

1 2

(Aol € <o (HE = HLa)

In both cases, we have for all n > N

(Atn)znvn-l-l” <G (Ho - H2+1)

n
0
where C} = max <%, 6%292—_1>
Now we define the map G : s —
For n > N such that H,,,; > % We have

Hp
G(Hp41) —G(H,) = / s22ds
Hpa
> (H,— Hn1)H, ™
Z 2_2+29(Hn - Hn—i—l)Hr:fi‘—%
> 2—2+26‘ Hn _ Hn+1
by (30) 5 2
C? (lvnaall + [V (unga)l])
2—2+26‘
by 20) 0%

14
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On the other hand, for n > N such that H,,; < f» we have

1
G(Hnn) = G(Ha) = 77— (HY = HYY)
1 H26—1
- 1—29(2201 " )
- 21—20 _ 1H20-1
- 1—20 "
21729 -1
> — (H, <1
2 =g <D
21729 -1 )
> ———(At,)”. At, <1).
> T AL (Ah <)

Then for all n > N, we have
G(Hn+1> - G<Hn) 2 CZ(Atn)Q
where Cy = min (2_20;2295, %) 0.
Let n > N + 1. Summing (36) from N to n — 1, and by using (34), it comes

G(H,) — G(Hy) > Co(Aty,)?

%
52

vV
[\
N\
/: )
+ |~
=
o
)
T
™|

Let’s pose (3 = C’g

. We have successively

1 1-8 1=
G(Hn>:mH 20— 1>G(HN)+C3( B — NT+ B),

H2 > (1= 26) |G(Hy) + Cs (0355 — N1+5>]
HY1 > [(1 — 20)G(Hy) — (1 — 20)C5 N5 + (1 — 20)C *‘3] .
Thus for all n > N + 1, we get

H, < !

1

[(1 —20)G(Hy) — (1 - 2«9)03]\7% 4 (1—20)C, 72}

15



Then there exists a constant A > 0 such that for alln > N +1

H, <

A

1-8 .
n OFB)1—26)

Let n € N such that 2" > N. By using (20), we get

Hzn

antl_q

k=27

antl g

k=2n

Since for n large enough (At,) is non-increasing, we obtain

ont+l_1

2

k=2n

ontl_1

—Hyr = Y Hy—Hp1 26 Y (At Jopa |

(Ate)[logll® = (Atgnia) Y (Aty)loxsa )

k=2n

C1 1

ontl_q

(At Ve |1

Combining (39) and (38) we get

ontl_1

Z (Ate)lvp]? <

k=

271

2(1 + 6) (2n+1 —

2(1+P)

C1

ns_
S C421+B H2n

where Cy = HB) (2% +1).
On the other hand using the Cauchy-Schwarz inequality, we get

antl_g antl_g 2 fanti_g 2
(Z Atk) (Z <Atk>||vk+1||2> :
k=2 k=2

> (Al [vpll <

where Cy = 1+B
-l gy
[
;-1 t1+B

IN

k=2n

antl_g

(2~ 17

[Hgn —_— H2n+l]

Sl

k=2n
ontl_1

Now, a straightforward calculation gives

= (1+@) [ -1

1

RERCAR Vi
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1+ 8 pis

dt

a | '
gm_1 TR

| <@+ 2w |25 1]

(37)

(38)

(39)

(40)

(41)



ontl_1

Y Al < Gyl +B)2 T [Qﬁ + 1]

k:2n
and then

2n+1_1 %
1
( > Am) < G (42)

k=2

where C5 = <C’4(1 +5) [Qﬁ + ID5 .
Using (41), (42), (40) and (37) leads to

2n+1_1 1
s 1
> (Bt)llowll < 2" (Ca2F7 )
k=2n
< 05\/04)\(2”)2(11@*%‘2(1“13)7@—29)
< oy T
Yet by assumption 8 € (0, 1%;), thus > (At;)|| Vi1 || converges. O

4 Numerical simulations

As in [15], we present some numerical simulations with specific F' that do not necessarily
satisfy our results’ assumptions.
The implicit sequence satisfying (7) is constructed via a quasi-newton algorithm.

4.1 A convex and coercive function F

The function F' that we consider is

Fx,y) = ((z - 1)2 + (y — 1)2 - 1)2X(x—1)2+(y—1)2—1207

and we take .

a(t) = ax g =0.1.

In figure (1), we observe the numerical decrease of E.
In figure (2), we observe the numerical convergence of the sequence satisfying (7).

4.2 A non-convex and coercive function F

The function F' that we consider is

F(z,y) = (2®+y* — 1)%,

17



Figure 1: Simulation for (7).

Fluy, up) = (uf —2u3 —1)2 — {u(t), ua(t), Flua(t), ua()}
=== Au(t), ua(t), Eult), v(t))}
—-= {F(u1,uz) =0}

— {wlt), ua(t), Flua(t), ua ()}
=== A{ult), uz(t), Eu(t), v(t))}
—-= 3{Fluy, uz)=0}

and we take again

1
a(t) = Dk g =0.1.

In figure (3), we observe also the numerical decrease of E.
In figure (4), we observe the numerical convergence of the sequence satisfying (7).

18



Figure 3: Simulation for (7).

— {uilt), uz(t), Flua(t), uz ()}
{ua(t), uz(t), E(ult), v(B))}
—-= {Flu, uz)=0}

Fluy, uz) = (ui + ud — 1)2

"~ 0.6

0.4

0.2

0.0

4.3 A non-convex and non-coercive function F

The function F' that we consider here is
F(z,y) = (2% = 2y* = 1)*,

and we take again
1
t) = —, 5 =0.1.

In figure (5), we also observe the numerical decrease of E.
In figure (6), we also observe the numerical convergence of the sequence satisfying (7).
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Figure 6: Simulation for (7).
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