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Abstract: In this work, we consider a discrete-time switched linear system. A novel approach
is introduced to estimate its state in a finite fixed time which can be arbitrarily chosen and
is independent of the initial state. For cases where the additive disturbance and measurement
noise are known, we provide an exact estimation. Otherwise, a finite-time interval observer is
designed. The crucial idea is based on using past values of the input and output of the studied
system and a minimal dwell time condition. Simulation results are provided to illustrate the
effectiveness of the proposed techniques in different scenarios of finite time choices.

Copyright © 2022 The Authors. This is an open access article under the CC BY-NC-ND license

(https://creativecommons.org/licenses/by-nc-nd/4.0/)

Keywords: Exact estimation, approximate estimation, finite-time observers, discrete-time,

switched linear systems.

1. INTRODUCTION

Switched systems are an important class of hybrid dy-
namical systems. They appear in several fields and can
model a lot of complex real-life phenomena. They consist
of a family of discrete- or continuous-time subsystems and
a switching rule that operates switching between them.
It has witnessed an increasing interest in the literature
where stability and control problems for switched systems
have been widely investigated during the past years, see for
instance (Serres et al. (2010), Liberzon and Morse (1999)).

State estimation of switched systems has been studied in a
good deal of works but still forms an interesting research
topic (see e.g., Yang et al. (2017), Lin and Gao (2015),
Ethabet et al. (2018), Rios et al. (2012), Dinh et al. (2020)
and the reference therein). These works address the prob-
lem of state estimation referred to asymptotic converging
observers where the state observation error is asymptoti-
cally stable but generally there is no information on the
convergence time. However, in practice, many applications
require some transient performances, e.g., guaranteeing
the finite-time convergence of the estimation error. For this
requirement, cutting-edge finite-time estimation methods
have been intensively designed. The authors in Dinh et al.
(2019) proposed a finite-time observer for discrete-time
systems subject to disturbances where the system state
can be determined using two sub-dynamics and a single
delay. A fault reconstruction method was proposed in Lee
and Park (2012) using a finite-time converging unknown
input observer. In Raff et al. (2006), a finite-time observer
was designed for linear systems with unknown inputs.
A finite-time convergence analysis based on a Lyapunov
function and a finite-time observer for singular systems

under unknown inputs were introduced in Polyakov and
Poznyak (2009) and Zhang et al. (2019), respectively. Most
of aforementioned results on finite-time observer focus on
continuous-time systems. In the context of finite/fixed-
time observer design for switched systems, some recent
works can be cited here, for example in Chen et al. (2019),
finite-time state estimation and active mode identification
were proposed for uncertain continuous-time switched lin-
ear systems while a fixed-time observer was constructed
for a class of continuous-time switched nonlinear systems
in Dinh and Defoort (2020). To the best of the authors
knowledge, the case of discrete-time switched systems has
not been fully considered in the literature, which motivates
our research.

In this paper, motivated by the preliminary work Dinh
and Defoort (2020) based on observers with delays, we
extend the technique for a class of uncertain discrete-time
switched linear systems. Two objectives can be achieved.
First, without uncertainties, a finite-time observer is de-
signed, which can exactly estimate the system state for
a preset convergence time. Second, under unknown but
bounded uncertainties, a lower and an upper bound of the
state are provided after this finite time.

The paper is structured as follows. Some preliminaries are
introduced in Section 2. In Section 3, the problem state-
ment is provided. Finite-time exact estimation for discrete-
time switched linear systems with known disturbances
is developed in Section 4. In Section 5, a lower and an
upper bound for the solutions in the presence of bounded
unknown disturbances are constructed. In Section 6, sim-
ulation results are shown to illustrate the efficiency of
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the proposed technique. Finally, the paper is concluded
in Section 7.

2. PRELIMINARIES

In the sequel, the following notations are adopted. R and
N denote respectively the sets of real and natural numbers.
|z| denotes the Euclidean norm of a vector z € R™. 1, N is
a sequence of integers 1, ..., N. Let x and T be respectively
the lower and upper bounds of a variable x such that
z <z < 7. For a matrix A € R™*" let AT = max {0, A}
and A= = AT — A.

Throughout this paper, the comparison operators < and
> should be understood elementwise for vectors and ma-
trices.

Lemma 1. Chebotarev et al. (2013) consider a vector x €
R™ satisfying x < 2 < T and a constant matrix A € R"™*",
then

Ate — A Z< Az < AT — A~ z. (1)

3. PROBLEM FORMULATION

Consider the following discrete-time switched linear sys-
tem

,q€ 1,N, NeN
(2)

where x € R" is the state, y € R™ is the output,
u € R™ is the input, w € R"» is the state disturbance
and v € R™ is the measurement noise. A4, B, and C, are
constant matrices of appropriate dimensions. The index
q specifies, at each instant, the system that is currently
followed and N is the number of mode. Let {¢,} denote
the switching time instants. In this paper, it is supposed
that the active subsystem and the switching instants are
known. The following assumptions will be considered in
this paper.

Assumption 1. The system (2) satisfies the minimal dwell
time condition and the dwell time is a known constant.
That means there exists a known positive constant 7, such
that the switching times {t,} satisfy for all ¢ € 1, N

tg—tg 1> Ta.

Assumption 2. Yq € 1, N, the pairs (44, Cy) are observ-
able and A, are invertible.

Assumption 2 means that there exist a strictly positive
integer h < 7,, and matrices L, € R™*™ such that for

all ¢ € 1, N, the matrices H, q h A;h are invertible where
H,=A,+L,C, € R, (3)
Assumption 3. The measurement noise and the state dis-
turbance are supposed to be unknown but bounded with
a priori known bounds such that
<w (4)
v<uv(k)<T (5)

where w € R"» and v € R™

In the following, the aim is to study the finite-time
observer design for (2) in two scenarios: (i) first, we
propose an exact finite-time observer design for (2) when
the disturbances and measurement noise are known; (ii)

secondly, we deal with a more general case where the
uncertainties are supposed to be unknown but bounded,
by generating a lower and an upper bound for the system
state of (2) after a finite time. It should be noted that the
key ideas are inspired by Dinh and Defoort (2020) with an
extension to discrete-time switched cases.

4. EXACT STATE ESTIMATION FOR
DISCRETE-TIME SWITCHED LINEAR SYSTEMS

In this section, exact estimation approach is proposed for
(2) subject to known disturbances and measurement noise.
This section provides the exact estimation of the system
dynamics; i.e., the state estimation error equals to zero
in finite time. Let us state the following theorem which
exactly compute the state after a finite time which is an
artificial delay.

Theorem 1. For the system (2), let Assumptions 1 and 2
be satisfied. Let Ly € R"**™ and h € N, 1 < h < 7,
be such that the matrices Hq_h — A;h, Yq € 1,N are
invertible. Then, for a given input u, the state of (2)
satisfies, for all ¢ € 1, N in each [t,—1 + h, ],

k—1
2(k) = —Eg, Y A*"1Bou(k)
I=k—h
k—1
+Eq, HEhot [Bqu(k) - qu(k)]
S (6)
—Eq, AR (k)
l=k—h
k—1
+Eq, H*" 11 [w(k) + Lev(k)),
I=k—h
where
By, = (H" =AM (7)

Proof. From the output y and the definition of H,, for all
k€ [tg—1+h,t4], ¢ € 1, N, we observe that the system (2)
can be rewritten in two different representations as follows

z(k +1) = Aqz(k) + Bou(k) + w(k) (8)

z(k+1) = Hyz(k) + Byu(k) — Lyy(k) 9
+w(k) + Lyv(k) (9)

Combining equations (8) and (9) between two values
c1,co € N such that ¢y < ¢q, we obtain the equalities:
6171
x(c1) = Ag " ?a(c2) + Z Agl_l_l[Bqu(k‘)—l—
l:C2

(10)
+w(k)]

6171
x(c1) = Hy' " ?x(ca) + Z H;lfl*l[Bqu(k) — Lqy(k)
l:Cg
+w(k) + Lyv(k)]
(11)
Now, for all k € [t,—1 + h.tg], ¢ € 1, N, selecting ¢ =k
and co = k — h. The above equalities give
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k—1
w(k) = Apa(k—h)+ > A7V [Bau(k) + w(k)] (12)
l=k—h
k—1
a(k) = Hlz(k — h) + HY 'V Bau(k) — Ley(k)
l=k—h
+w(k) 4+ Lyv(k)]
(13)
then for all k € [t,—1 + h,t4], ¢ € 1, N, we obtain
k—1
(Hy" = A7Mz(k) = = > A" [Byu(k) + w(k)]
l=k—h
k—1
+ > HYMUBu(k) = Lyy(k) + w(k) + Lov(k))]
l=k—h

Since Hq_h —A;}Z V¢ € 1, N are assumed to be invertible,
we can deduce that (6) is satisfied for all k € [t,—1+h,t,),
qg € 1,N.

Remark 1. Expression (6) can contain many terms be-
cause h can be large, so many values have to be stored. To

avoid this problem, we propose a second alternative which
is based on the use of dynamic extensions.

Theorem 2. Suppose that Assumptions 1 and 2 are satis-
fied and there exist Lo € R™*™ and h e N, 1 < h < 7,
such that the matrices H;h — Aq’h, Vg € 1,N are in-
vertible. Consider the N dynamic extensions, each one
associated to a different subsystem defined for all ¢ € 1, N
as follows

Z(k+1) = Ag2(k) + Bou(k) + w(k) (14)
and

x4 (k+1) = Hyz. (k) + Bgu(k) — Lyy(k)

(15)
+w(k) + Lyv(k).

Then, for a given input u, the state of (2) in each [t,—1 +

h, t,] satisfies, for all g € 1, N,

w(k) = BEq, [H; "z, (k) — x.(k — h) — A;"&(k) + &#(k — h)]
(16)

Proof. Consider (#,x.) a solution of the system ((14),
(15)) and the solution x of (2). Then, similar to Proof 4,
we have

c1—1

B(er) = AP R(co) + > AST! T [Byu(k) + w(k)] (17)
l=02
c1—1
z(c1) = Hy " ?z.(c2) + Y HO ' Byu(k)
l=02
—Lqy(k) + w(k) + Lqv(k)]
(18)
for all k € [ty—1 + h,t4], ¢ € 1, N. It follows that
k—1
> AFPENBuk) + w(k)] = A Me(k) — &(k — h)

q
I=k—h
(19)

k—1
Z H(’;_h_l_l [Byu(k) — Lay(k) + w(k) + Lyv(k)]
I=k—h
= H, "2, (k) — z.(k — h)
(20)
Finally, from (6), (19) and (20), we can deduce that for all
ke [tg—1+h,ty], g € 1,N,
-1 _ r7—h —h A o
E, x(k)=H, "v.(k) — x(k — h) — A "2 (k) — 2(k _(2h1))

Then, we deduce that (16) holds.

Remark 2. The approach described above requires that
the disturbances and the measurement noise are known.
However, in most of cases, it is not trivial to obtain this
information. In the next, a technique is carried out to over-
come this limitation by assuming that the disturbances are
unknown and only bounded by known bounds, which is
acceptable in many applications.

5. APPROXIMATIVE STATE ESTIMATION FOR
DISCRETE-TIME SWITCHED SYSTEMS

This section proposes a novel approach to estimate the
system state of (2) subject to unknown disturbances and
measurement noise. We suppose that Assumptions 1-3
are satisfied. Let us introduce the following matrices and
vectors used in sequel.

F = _Elthﬁlq—(h+1)7

dh GL]h = EQthz_(h+1) (22)

h +
wy, = (Z Fp AL + Gq,LAf1> w
=1
f _
— (Z Fy, AL +thA;> w,

1=1
(23)
h +
wg = (Z thAé —I—thAf]> w
I=1

h
— (Z F,, Al +thAg> w,
=1

(24)

h + h -
vp, = (thZHqu> T - (th ZH@@) v, (25)
=1 =1

h + h -
vg = (thZHfqu> v o— (thZHéLq> 7, (26)
=1 =1

The following theorem ensures in finite time an approxi-
mate state estimation. A lower and an upper bound are
calculated to enclose the real state. Let us state the fol-
lowing result.

Theorem 3. For the system (2), assume that Assumption
1-3 are satisfied. Let Ly € R™*™ and he N, 1 < h <7,

be such that Vg € 1, N, Hq’h — A;h are invertible. For a
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given input u, the solution x of the system (2) satisfies for
all k € [ty—1+ h,ty] and Vg € 1, N,

z(k) < z(k) <z(k)

(27)

where
k—1
z(k) = —Eq, A];_h_l_quu(k)
I=k—h
k—1
+Eq, Z Hzf—h_l_l [Bqu(k) — Lqy(k)]
l=k—h
vL,

+dy, +

(28)

k—1
~E,, AR~ B (k)
l=k—h
Rt (29)
+Eq, Z Hk it [Bqu(k) — Lqy(k)]
=k—
+ds +

Proof. From (6), we have

k—1
—E,, ZAkhllBu(k)

=k—h
71

+E,, HE M1 Bu(k) —
l=k—h

—E,, A; ") Z Al=hw(k)

Lqy (k)]

“w(k) + Lgv(k)]

Using the expressions of F,, and G, , it follows that for
all k € [ty—1+h,t4], ¢ € 1, N,

A" B (k)

HE"121 Bou(k) — Ly (k)]

k—1
(k) Eq, Z
l=k—h
k—1
Jrth Z
, l=k—h (31)
+Y (P, AL+ Gy, Hw(k 1)
=1 N
+Go, Y Hiv(k—1)

=1

Bearing in mind Assumption 3 and Lemma 1, we obtain,
forall k € [ty—1+ h,t,] and ¢ € 1, N,

(Z quLAl + G% Al Z F% Alq + G% Af])7@
h

< D (Fy Ay + G Apw(k — 1)
=1

h
< (ZthAl +thAl ZthAfz +thAé)_M
=1

h
< (Fp AL+ Gy AJulk—1) <dp (32)
=1

h
vs < Gg, > HiLoo(k—1) < vy
=1
where dg, dr,, vs and vy, are given from (23) to (26). From
(31), (32) and (33), we deduce that (27) hold.

(33)

Based on the motivation of proposing Theorem 2 to avoid
to have to store many values, the following theorem is
introduced. It provides an approximate state estimation
of (2) in term of dynamic extensions.
Theorem 4. For the system (2), let the conditions intro-
duced in Theorem 3 be satisfied. For a given input « and
let = be a solution of (2) defined over N. Consider the
N dynamic extensions, each one associated to a different
subsystem
2o(k 4+ 1) = Ayze (k) + Byu(k) (34)
wulk+ 1) = Hyzo () + Byu(k) — Lay(k).  (35)
Then, for all k € [tq—1 + h,t,], ¢ € 1, N, the following
inequalities B
X(Z) < a(k) < X(Z) (36)
hold, where Z = (24, z,) and the two estimated bounds of
the system state i.e., X and X, are given by

X(Zk) = Eq, [2za(k — h) — A" 24 (k) + Hy "2 (k) (37)
—Zh(k — h)] +dr +vg,
X(Zy) = By, [za(k — h) — A" 24 (k) + H, "2, (k) (38)

—zp(k = h)] +ds + vs
with dg, dr,, vs and vy, are respectively defined in (23),
(24), (25) and (26).

Proof. Consider a solution z of the system (2). For all
k€ [tg—1+ h,ty] and ¢ € 1, N, we have

k—1
Za(k) = Afza(k —h) + Y A 'Bau(k),
l=k—h
-1
= Hl'zp(k — h) + HE ' Bu(k) —
l=k—h

(39)

zn (k) Lqy (k)]
(40)
Equations (39) and (40) can be rewritten as follows

k—1
> AMMIB (k) = Ay

l=k—h

hea(k) = zo(k—h)  (41)
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k-1
> Hy " [Byu(k) — Loy(k)]
I=k—h
= H, "z (k) — zn(k — h)
Theorem 3 ensures that the inequalities in (27) are sat-
isfled. Hence, using (41) and (42) implies that (36) is
satisfied.
Remark 3. Through suitable dynamics, Theorem 2 and
Theorem 4 give the exact and approximate estimation of
the state of (2) in finite time which is independent of initial
conditions of (2). Between two switching instants and after
a known time h, while Theorem 2 proposes an estimator
such that the estimation error exactly equals to zero, the
Theorem 4 computes an interval for the state. It is worth
noticing that A can be chosen in advance but must be less

than the minimal dwell time 7, introduced in Assumption
1.

(42)

6. SIMULATION RESULTS

The numerical example is defined with two subsystems i.e.,
N = 2 as follows

z(k 1) = Aqx k Bqu k w(k L
{ygk)z 27qac(k)J(m?(Z) () +w(#) ge 1,2 (43)
where
0.3 -2 05 —11
M {O 0.6 ] A2= [0 0.16}
Bl[?], B2[‘H
Ci=[1 0, 0©2=[01 1]
w(k) = 0.05 {Ziﬁgg}z” and v(k) = 0.2sin(0.1k).

Under Assumption 1, let us choose L; = [0.01 — 0.01]7

and Ly = [0.02 — 0.01], then

031 -2
Hi=Mi+ LG = (—0.01 0.6)

and
0.502 —1.08
Hy = Ay + LoCy = (_0,001 0.15 ) '

Now, we define

0.151 0.3 0
R11:< 0 1) ,5'112(0 0.6)’

—0.301 1 0.5 0
R21:( 0 1) ’ 521:<0 0.16>'

Then for g € 1,2, R AgR,;" = Sq1. Similarly, Rep Hy R 5" =
Sy2, for ¢ € 1,2 with

1 575 02525 0
Bre = <1 —34.75)  S12= ( 0 0.6575) :

1 -3 0.505 0
322:(1 355) ) 522:( 0 0.147)'

For an integer h > 0 the matrices H, " — A" can be
calculated as follows

—h —h _ p—1g—h
H" — A7" = RS Ryo

_ Qg1 Qg2

Qg3 g4

a1 = 0.858(0.2525) " + 0.142(0.6575) " — (0.3) ",

a1 = 4.9336(0.2525) " — 4.9336(0.6575) "
—6.6666(0.3)" 4 6.6666(0.6) ",

a3 = 0.0247(0.2525) " — 0.0247(0.6575) ",

14 = 0.1419(0.2525) 7" 4 0.858(0.6575) ™" — (0.6) ",

and

g1 = 0.9916(0.505) " + 0.0084(0.147) ™" — (0.5) 7",

9 = —2.9748(0.505) " + 2.9748(0.147) "
43.2352(0.5) " — 3.2352(0.16) ",

o3 = —0.0028(0.505) " + 0.0028(0.147) ",

a4 = 0.0084(0.505) " 4 0.9916(0.147) " — (0.16)~".

— R;'S; "Rt

with

We can check that the matrices H; " — A" and Hy " — A"
are invertible for all A > 2. The Assumption 2 is satisfied.

In order to provide fast exact estimation, we set the
convergence time h = 2 and h = 3. The finite time observer
can be designed in the form given in Theorem 2. For the

simulation, we set the initial condition 2(0) = [1 1]T and
the input signal v = 1. The simulation results are showed
in Fig. 1, Fig. 2.

Next, two bounds given in (37)-(38) are implemented. Fig.
3 illustrates the approximate state estimation for A = 4.

For simulation, we set the initial condition z(0) = [2 1]T
and the input u = 1. We choose the following known
bounds for disturbances w and measurement noise v:
w = [0.05 0.05]", w =[0.05 0.05]",5=0.2and v = —0.2.
The switching signal is plotted in Fig. 4, the minimum
dwell time constraint is satisfied.

L L L L L L L i
10 20 30 40 50 60 70 80
1s)

Fig. 1. Real value and exact estimation for h = 2.

The results in Fig. 1-2 provide the exact value of the state
after respective finite times h = 2 and h = 3 for all k such
that t,_1 + h < k < t,, ¢ € 1,2. The results in Fig. 3
demonstrates the effectiveness of the second approach: the
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—
—— xyestimated

0 10 20 30 40 50 60 70 80

1s)

p—

—— mpestimated

0 10 20 30 40 50 60 70 80

1)

Fig. 2. Real value and exact estimation for h = 3.

1(s)

0 10 20 30 40 50 60 70 80

tis)

Fig. 3. Lower and upper bounds of the real state for h = 4

‘ —— Switching signal

i i i i
0 10 20 30 40 50 60 70 80

Time (5)

Fig. 4. Switching signal.

real state is framed by the upper and the lower trajectory
after a finite time A = 4 in each interval [t,_1 + h,t,],

q € 1,2.
7. CONCLUSION

This work focused on finite-time state estimation for
discrete-time switched linear systems subject to distur-
bances and measurement noise. Two approaches were pro-
posed to compute either the exact value or two bounds for
the real state in finite time depending on the information
of uncertain terms that we can obtain or not. Extensions
to more general classes of discrete-time switched systems
can be considered for future works. Another promising
perspective is design of finite-time estimation with optimal
gain choices.
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