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1.Introduction

• Sparse PCA (since 20 years)
• Following sparse regression (Lasso)
• Linear combinations of a few input variables

• Simple structure: an alternative to rotations (Trendafilov, 2014)
• Sparse weights vs sparse loadings

• Many criteria and algorithms
• Sparse MCA (Bernard et al. , 2012 and Mori et al., 2016)

• Sparse CA (Liu et al., 2023)
• Sparse weights (or null contributions) 
• Both-sides (rows and columns) sparseness or only one-side

• Non-symmetrical CA
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Notations (Balbi, 1998)
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2. Sparse CA

• CA is a simultaneous PCA of rows and columns weighted profiles 
matrices with chi-square metrics

• Triplets 
• Plain SVD of                           or a GSVD of 

• Hence the idea of applying some variant of sparse PCA or of sparse
SVD, namely PMD for Penalized Matrix Decomposition (Witten et al., 
2009) by Liu et al., 2023
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• PMD  applied to

• Pseudo singular value                           and pseudo eigenvalue
• Sparse rows and columns weights 

• The level of sparsity for rows and columns weights is driven by c1 and c2

• Rows and columns coordinates a and b are given by pseudo-
barycentric equations

• Weights are sparse but coordinates are not. 
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Lost properties

• Transition equations are no longer true: g is not proportional to b and 
f is not proportional to a. The weights differ from the coordinates.

• However maps should use coordinates a and b and not weights.  
Otherwise there is a risk of having too many points stuck to the axes, 
those with zero weights, and thus uninterpretable maps. 
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Issues
How to choose the right level of 
sparseness?

• An index derived from Trendafilov
(2014): 

Which deflation method to use to 
get higher order solutions?

• A new deflation algorithm BiOPD (Liu 
et al., 2023) : 

Bilateral Orthogonalized Projected   
Deflation based upon an iteration of:

Preserves orthogonality of weights, but not 
of components (however almost 
uncorrelated)
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A toy example: colours of sound
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• Some decrease of inertia: 48.7 %  instead of 64.5 %
• But 

• Similar displays
• Important contributions are highlighted, small ones set to zero
• Easier to interpret
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Both-sides or one-side sparseness?
• Similar levels of sparseness were sought for rows and columns
• Relaxing constraints on                     lead to column-sparse or row-

sparse CA.
• Useful for eg document-terms data where one likes to keep all 

documents but not all words
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Symmetry or not?

• CA and sparse CA consider the rows and columns of P in the same 
way

• Not always a good fit if the relationship is not symmetrical:
• In the toy example we first listen to the music before associating colors with 

it, and not the other way around. 
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3. Non symmetrical correspondence analysis

• NSCA was introduced by Lauro & d'Ambra (1984) for the case where one 
variable is treated as a predictor variable and the other variable is treated 
as a response variable (Beh & Lombardo, 2021). See also Lauro & Balbi (1999), 
Kroonenberg & Lombardo (1999).

• When rows are responses and columns are predictors, NSCA is a PCA of the 
triplet: 

- A PCA of the weighted centered columns profiles, where columns are weighted but 
not rows, 
- or a generalized SVD of 
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• In NSCA, inertia is equal to the numerator of Goodman-Kruskal’s τb
unlike in CA where inertia is equal to φ2

• NSCA provides a decomposition of τb according to orthogonal 
dimensions

• NSCA allows to create simultaneous graphical displays, in particular 
isometric biplots in two dimensions.
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4. Sparse NSCA
• A sparse GSVD of 

or a sparse SVD of 

• Sparseness for rows only: no constraints on
• Sparseness for columns only: no constraints on 
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5. Examples

• 5.1 Food data
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Beh, E. J., Lombardo, R., & Simonetti, B. (2011). 
A European perception of food using two methods of correspondence analysis. 
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NonSymmetrical Correspondence analysisu1 u2 ctr.f1 ctr.f2
Belgium 1,588 0,746 316 70
France -0,013 -0,628 0 67
Italy 0,501 -1,161 16 83
Norway -2,009 1,01 597 151
Poland -0,224 -1,287 12 397
Spain 0,483 0,953 60 232

v1 v2 ctr.g1 ctr.g2
Ancient 0,107 0,181 11 33
Christmas -0,548 0,242 301 59
Cooking 0,08 -0,106 6 11
Country -0,44 0,075 194 6
Culture 0,123 0,098 15 10
Dinner -0,119 -0,226 14 51
Fish -0,034 -0,309 1 95
Family -0,134 -0,177 18 31
Feast 0,111 0,035 12 1
Good -0,002 0,097 0 9
Grandmother 0,132 0,224 17 50
Habit 0,366 0,535 134 286
Healthy 0,055 -0,114 3 13
Holidays 0,136 -0,129 18 17
Home 0,081 0,077 7 6
Home-made 0,021 -0,214 0 46
Kitchen 0,07 -0,024 5 1
Meal 0,007 -0,248 0 62
Natural 0,038 -0,079 1 6
Old -0,011 0,141 0 20

Old-fashioned 0,076 0,189 6 36

Quality 0,06 0,069 4 5
Recipe -0,019 -0,183 0 34
Reginal -0,003 -0,1 0 10
Restaurant 0,06 0,017 4 0
Rural -0,436 0,22 190 48
Simple 0,032 -0,068 1 5
Tasty 0,191 -0,224 36 50
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Row Sparse NonSymmetrical Correspondence analysis
Finding the sparseness parameters
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Row Sparse NonSymmetrical Correspondence analysis
u1 u2 ctr.f1 ctr.f2

Belgium 1,236 1,355 191 230
France 0,184 -0,978 6 162
Italy 0,821 -0,82 42 42
Norway -2,225 0,617 733 56
Poland 0,034 -1,133 0 308
Spain 0,33 0,889 28 202

v1 v2 ctr.g1 ctr.g2
Ancient 0 0,1 0 10
Christmas 0,687 0,108 472 12
Cooking 0 -0,097 0 9
Country 0,48 0,066 230 4
Culture 0 0 0 0
Dinner 0 -0,156 0 24
Fish 0 -0,357 0 127
Family 0 -0,207 0 43
Feast 0 0 0 0
Good 0 0 0 0
Grandmother 0 0,244 0 60
Habit -0,186 0,766 34 586
Healthy 0 0 0 0
Holidays -0,016 -0,002 0 0
Home 0 0 0 0
Home-made 0 -0,081 0 7
Kitchen 0 0 0 0
Meal 0 -0,205 0 42
Natural 0 0 0 0
Old 0 0 0 0
Old-fashioned 0 0,22 0 48
Quality 0 0 0 0
Recipe 0 -0,147 0 22
Reginal 0 -0,005 0 0
Restaurant 0 0 0 0
Rural 0,494 0,068 244 5
Simple 0 0 0 0
Tasty -0,138 -0,019 19 0



• 48.2 % of τb explained instead of 56.2 %
• Similar display of countries
• Five significant words highlighted
• 37 coefficients out of 56 have been put to zero
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• 5.2 Colors of music
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NSCA Sparse NSCA
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u1 u2 ctr.f1 ctr.f2
Red 0 0,283 0 80
Orange 0,048 -0,002 2 0
Yellow 0,096 0,379 9 144
Green 0,019 -0,243 0 59
Blue 0,018 -0,096 0 9
Purple 0,129 0,084 17 7
White 0,082 -0,003 7 0
Black -0,976 0,041 952 2
Pink 0,113 -0,005 13 0
Brown 0 -0,836 0 699

v1 v2 ctr.g1 ctr.g2
Video 0 1,189 0 157
Jazz 0 0 0 0
Country 0 0 0 0
Rap -2,36 0 619 0
Pop 0 -1,361 0 206
Opera 0 0 0 0
Low_F -1,852 0 381 0
High_F 0 0,623 0 43

Middle_F 0 -2,312 0 594

Once again:

- Loss of inertia
but 

- similar plots 
- simpler structure



6. Conclusion and perspectives 

• Adding sparsity constraints makes interpretation of NSCA easier, by 
highlighting the most significant rows or columns

• Choosing the right level of sparsity by IS criterium is generally
satisfactory for small size tables. For large tables, prespecifying the 
number of zeros is often a better solution

• Issues: robustness and stability?
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