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Abstract
This work presents a comprehensive framework for the sensitivity analysis
of the Navier–Stokes equations, with an emphasis on the stability estimate
of the discretized first-order sensitivity of the Navier–Stokes equations. The
first-order sensitivity of the Navier–Stokes equations is defined using the poly-
nomial chaos method, and a finite element-volume numerical scheme for the
Navier–Stokes equations is suggested. This numerical method is integrated
into the open-source industrial code TrioCFD developed by the CEA. The
finite element-volume discretization is extended to the first-order sensitivity
Navier–Stokes equations, and the most significant and original point is the dis-
cretization of the nonlinear term. A stability estimate for continuous and discrete
Navier–Stokes equations is established. Finally, numerical tests are presented to
evaluate the polynomial chaos method and to compare it to the Monte Carlo and
Taylor expansion methods.
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1 INTRODUCTION

The use of numerical simulation has grown significantly in various fields, including nuclear engineering, where it has
become an essential tool for ensuring safety and analyzing accidents. In this context, a modern approach is to simu-
late systems of Partial Differential Equations (PDEs), such as the Navier–Stokes equations, using the Polynomial Chaos
Methodology (PCM) to account for uncertainties that are naturally present in physical models. With PCM, one is able
to compute both the main model’s solution and additional sensitivity variables. In this article, we apply the PCM to the
Navier–Stokes equations, obtaining a system of equations that describes the dynamics of the physical problem and its
sensitivity to changes in parameters. This system is twice the size of the original system and fully coupled. In this work,
we propose a numerical scheme for this system, which is implemented in the open-source industrial platform TrioCFD,
and we analyze the stability properties in quadratic norm, both for its continuous and discrete version. We also introduce
a change of variable to partially decouple the obtained system. This allows for a less intrusive and faster to implement
method.

The PCM is one possible approach to tackle Uncertainty Quantification (UQ) problems. PCM has been used to solve
numerous problems in various domains. It is focused on propagating uncertainties from inputs to outputs of a numerical
model and provides an efficient and accurate way of dealing with uncertainty.1–5 This task can be performed in many
different ways, and it may vary depending on factors such as the nature of the model, the amplitude of perturbations, and
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2 NOUAIME et al.

whether they are deterministic or stochastic. In this work, we only consider systems governed by PDEs and we estimate
the uncertainty of the model’s solutions caused by uncertain input parameters. PCM allows the treatment of stochastic
variables that can be described by their Probability Density Functions (PDF). More precisely, these variables are expressed
as a linear combination of orthogonal polynomial functions of normalized random variables.

Norbert Wiener introduced the Polynomial Chaos Expansion (PCE) in 1938, in Reference 6, employing Hermite poly-
nomials to model stochastic processes involving Gaussian random variables. This technique can be considered the original
PCE method. Xiu and Karniadakis 7,8 then generalized this method to include other polynomials. Each polynomial has an
optimal random distribution attached to it, giving a fast convergence rate. This article applies the PCM to the incompress-
ible Navier–Stokes equations with normally distributed uncertain parameters. The Navier–Stokes equations are a system
of PDEs which describe the motion of incompressible fluids. They consist of two equations, the conservation of mass
equation, and the conservation of momentum equation. The equations are nonlinear and involve second-order deriva-
tives of the fluid velocity, making them difficult to solve analytically. Nevertheless, they are widely used in engineering
and science to model the behavior of fluids in various applications, from predicting the weather to designing aircrafts.9,10

The study of the Navier–Stokes equations is a central topic in fluid dynamics, and remains an active area of research today.
In a previous work,11 the Navier–Stokes equations were considered, and the first-order sensitivity of the Navier–Stokes
equations was obtained using the Taylor expansion.12,13 In this approach, the sensitivity is defined as the derivative of the
model’s output with respect to the parameters of interest.14 It can be used, among other things, to estimate of the vari-
ance of the solution of the Navier–Stokes equations when there are uncertain parameters. Confidence intervals can be
provided, based on the estimated variance.

In References 11 and 15, the authors also discretize the sensitivity of the Navier–Stokes equations using the Finite
Element-Volume (FEV) scheme,16–18 and in Reference 11 a stability estimate for the continuous sensitivity of the
Navier–Stokes equations is provided. However, the stability estimate of the discrete Navier–Stokes and the discrete sensi-
tivity equations were not established. The FEV method was originally formulated by Emonot 16 with applications to the
Laplacian and Stokes problems. This method, called the FEV P1

NC ⧵ P0, is a modification of the Crouziex-Raviart element.19

Heib, in Reference 18, showed that the element proposed by Emonot had several defects. Based on this observation, he
proposed a new discretization by modifying the P1

NC ⧵ P1 + Bubble element, for which, however, there are no convergence
results for the pressure. Finally, Heib defined and applied the P1

NC ⧵ P0 + P1 element and applied it to Stokes problems in
Reference 18. For the P1

NC ⧵ P0 + P1 element, there is a convergence result18 for the velocity and the pressure of the Stokes
equations. This numerical scheme is integrated in the open-source fluid dynamics simulation software, TrioCFD ,20,21

developed by the CEA.
The main original contributions of this work are the following:

1. We introduce a change of variable, thanks to which the Navier–Stokes equations and their sensitivity equations are
partially decoupled Equation (20)–(21) (i.e., the sensitivity system’s solution depends on the state system’s one, but not
the other way around). This new formulation is a priori simpler to use for discretization and less intrusive. We show
the quadratic stability of the new system in Proposition 2.

2. We present the FEV scheme that we will use to discretize the sensitivity system. Preparatory to further development
for the analysis of the sensitivity system, we show a new stability estimate for the discrete Navier–Stokes equations in
Appendix A.

3. Then, we use all the previous results to obtain the main theoretical result of this work, which is the stability estimate
for the FEV scheme for the first-order sensitivity of the Navier–Stokes equations, in Theorem 1.

4. Finally, we present some numerical results when we have an uncertain boundary condition. We compute the mean,
the variance, and the confidence intervals for the velocity and the pressure.

This article is organized as follows. In Section 2, the Navier–Stokes equations with homogeneous Dirichlet boundary
conditions are presented. Then, the polynomial chaos method is presented, and the derivation of the first-order sensitivity
equations, according to this method, is detailed in Section 3. Section 4 provides a detailed explanation of the FEV method,
especially the P1

NC ⧵ P0 + P1 discrestisation. In Sections 5, the Navier–Stokes equations are discretized according to the
FEV method, and a useful and important property of the discrete trilinear term is proved, then a stability estimate is
established for the discrete system. We apply in Section 6 the FEV method to the sensitivity of the Navier–Stokes equations
and we prove that this discretization is stable in L2(0,T;H1(Ω)) ∩ L∞(0,T;L2(Ω)). To illustrate the method presented in
the previous sections, we will show some numerical results in Section 7 and compare them with those obtained by other
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NOUAIME et al. 3

sensitivity analysis methods such as Taylor expansion and Monte Carlo. Finally, in appendices A and B, the stability
estimate of the discrete Navier–Stokes equations and the continuity of the linear form in the context of the FEV method
are proved respectively.

2 NAVIER–STOKES EQUATIONS

Let Ω ∈ R2 be a domain that has a Lipschitz-continuous boundary, X = H1
0(Ω)

2 = H1
0(Ω) = {v ∈ H1(Ω) ∶ v|𝜕Ω = 0} and

W = L2
0(Ω) = {p ∈ L2(Ω) ∶ ∫Ω p dx = 0}. The scalar product defined on X is (⋅, ⋅)X and (⋅, ⋅) is the scalar product defined

on L2. The incompressible Navier–Stokes system consists in finding (u, p) such that:

⎧⎪⎪⎨⎪⎪⎩

𝜕tu(x, t) − 𝜈Δu(x, t) + (u(x, t) ⋅ ∇)u(x, t) + 1
𝜌
∇p(x, t) = f(x), Ω, t > 0, (1a)

∇ ⋅ u(x, t) = 0, Ω, t > 0, (1b)
u(x, 0) = 0, Ω, t = 0, (1c)
u(x, t) = 0 onΓ = 𝜕,Ω, t > 0. (1d)

where u = (ux,uy) is the velocity, p the pressure, f the external force, 𝜈 the kinetic viscosity and 𝜌 the den-
sity of the fluid. The first equation models the conservation of the momentum and the second one the conser-
vation of the mass. For the sake of simplicity, only homogeneous Dirichlet boundary conditions are considered.
A recent work in Reference 11 deals with physically motivated non-homogeneous Dirichlet boundary conditions,
that we will use in the numerical section. The weak formulation of the Navier–Stokes equations (1) is written
as follows {

(𝜕tu, v) + a(u, v) + 1
𝜌

b(v, p) + t(u,u, v) = l(v), ∀v ∈ X,

b(u, q) = 0, ∀q ∈ W ,
(2)

with a(u, v) the bilinear form on X × X

a(u, v) = ∫Ω
∇u ∶ ∇v dx, (3)

b(v, p) the bilinear form on X × W

b(v, p) = ∫Ω
∇pv dx = ∫Ω

∇ ⋅ vp dx + ∫𝜕Ω
v ⋅ np dS = ∫Ω

∇ ⋅ vp dx, (4)

l(v) the linear form on X

l(v) = ∫Ω
f ⋅ v dx, (5)

and t(u, v,w) the trilinear form on X × X × X

t(u, v,w) = ∫Ω
[(u ⋅ ∇)v] ⋅ w dx. (6)

Throughout the article, we will use the following classical result.22,23

Proposition 1. For all u, v,w ∈ X such that ∇ ⋅ u = 0, one has

t(u, v, v) = 0 and t(u, v,w) = −t(u,w, v).
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4 NOUAIME et al.

3 POLYNOMIAL CHAOS METHOD

Sensitivity analysis studies how changes in a model’s inputs affect its outputs. There are many methods to perform a
sensitivity analysis, like Monte Carlo simulations ,24 regression analysis ,25 PCM ,3 and the traditional approach is based
on the Taylor series expansion.11,14,26 This article focuses on the PCM. There are two types of PC approaches: intrusive and
non-intrusive. Our work is based on the Intrusive Polynomial Chaos (IPC) approach. This approach replaces all dependent
variables in the Navier–Stokes equations by their PCE of order n to model the uncertainty. The resulting equations, once
projected onto orthogonal polynomials, yield n + 1 times the number of deterministic equations. The obtained system
can be solved using the same numerical methods as the original deterministic equations. This projection also provides
a convenient representation of the variability in the model output with respect to the inputs, giving rise to a new model
commonly referred to as the sensitivity model. The sensitivity model, in essence, allows us to understand how changes in
the input variables affect the output, providing valuable insights into the system’s behavior. This section introduces the
PCM and presents the first order sensitivity of the Navier–Stokes equations, Equation (1), using this method.

3.1 Polynomial chaos expansion and polynomial computation

Let Y (x, t; a) be a physical variable. Typically in our case, this physical variable can be the horizontal or vertical velocity
or the pressure. The variable depends on x, t and is assumed to depend on an additional uncertain parameter a, nor-
mally distributed with 𝜇 the average and 𝜎 the standard deviation, a ∼  (𝜇, 𝜎2). In PCM, the uncertain variables can be
decomposed on the basis of complete orthogonal polynomials, the so-called PCE.1,2,27 The variable Y (x, t; a) can then be
expressed by its PCE

Y (x, t; a) =
n∑

i=0
Yi(x, t)𝜓i(a). (7)

The unknowns, Yi, are deterministic coefficients and represent the random mode i of the physical variable Y , and 𝜓i
are the orthogonal polynomials of degree i. In the present work, only first-order sensitivity is considered that is, n = 1.
Orthogonality means that

⟨𝜓i, 𝜓j⟩ = ⟨𝜓i, 𝜓i⟩𝛿ij, (8)

where ⟨⋅, ⋅⟩ denotes the inner product

⟨𝜓i, 𝜓j⟩ ≡ ∫ w(a)𝜓i(a)𝜓j(a)da, (9)

where w is the weighting function and 𝛿ij is the Kronecker delta. If ⟨𝜓i, 𝜓i⟩ = 1, the polynomials are called orthonormal.
The optimal polynomials 𝜓0(a) and 𝜓1(a) for a normally distributed random variable a are given here below. For this
purpose the weighting function w(a) is considered to be the PDF of the Gaussian distribution w(a) = 1

𝜎
√

2𝜋
e−

1
2
( a−𝜇

𝜎
)2 with

∫
R

w(a)da = 1.
According to the inner product Equation (9), the orthonormal polynomials are the following

𝜓0(a) = 1 and 𝜓1(a) =
a − 𝜇

𝜎
.

Remark 1. In general, Hermite, Legendre, Laguerre, Jacobi, and generalized Laguerre orthogonal polynomi-
als are used for modeling the effect of uncertain variables described by standard normal distribution, uniform,
exponential, beta, and gamma probability distributions, respectively.8

3.2 Sensitivity of the Navier–Stokes equations

To obtain the first-order sensitivity of the Navier–Stokes system (1), first, the variables, that is, the velocity u, the pressure
p, and the external force f need to be expressed by their PCE:
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NOUAIME et al. 5

u(x, t; a) = u0(x, t)𝜓0(a) + u1(x, t)𝜓1(a) = u0(x, t) +
(a − 𝜇

𝜎

)
u1(x, t),

p(x, t; a) = p0(x, t)𝜓0(a) + p1(x, t)𝜓1(a) = p0(x, t) +
(a − 𝜇

𝜎

)
p1(x, t),

f(x, t; a) = f0(x, t)𝜓0(a) + f1(x, t)𝜓1(a) = f0(x, t) +
(a − 𝜇

𝜎

)
f1(x, t).

Second, these quantities are all inserted in Equation (1). Then each equation of this system is multiplied by 𝜓i (for i = 0
and i = 1) and to obtain the sensitivity equations the inner product is used.

For i = 0, the conservation of the momentum Equation (1a) becomes

∫Ω

[
𝜕t(u0(x, t)𝜓0(a) + u1(x, t)𝜓1(a)) − 𝜈Δ(u0(x, t)𝜓0(a) + u1(x, t)𝜓1(a))

+ ((u0(x, t)𝜓0(a) + u1(x, t)𝜓1(a)) ⋅ ∇)(u0(x, t)𝜓0(a) + u1(x, t)𝜓1(a))

+1
𝜌
∇(p0(x, t)𝜓0(a) + p1(x, t)𝜓1(a))

]
𝜓0(a)w(a) da

= ∫Ω
(f0(x, t)𝜓0(a) + f1(x, t)𝜓1(a))𝜓0(a)w(a) da ∀(x, t).

(10)

The Equation (10) implies that for all x ∈ Ω and t ≥ 0,

𝜕tu0(x, t) − 𝜈Δu0(x, t) + (u0(x, t) ⋅ ∇)u0(x, t) + (u1(x, t) ⋅ ∇)u1(x, t) + 1
𝜌
∇p0(x, t) = f0.

The application of the PCM to the mass conservation Equation (1b) gives

∫Ω
[∇ ⋅ (u0(x, t)𝜓0(a) + u1(x, t)𝜓1(a))]𝜓0(a)w(a) = 0 ∀(x, t). (11)

Therefore for all x ∈ Ω and t ≥ 0, ∇ ⋅ u0(x, t) = 0. The application of this method on the initial condition (1c) and the
boundary condition (1d) respectively gives

∫Ω
[u0(x, 0)𝜓0(a) + u1(x, 0)𝜓1(a)]𝜓0(a)w(a) = 0 ∀(x, t = 0), (12)

and

∫Γ
[u0(x, t)𝜓0(a) + u1(x, t)𝜓1(a)]𝜓0(a)w(a) = 0 ∀(x, t) ∈ Γ. (13)

Hence, Equation (12) gives that for all x ∈ Ω and t = 0, u0(x, 0) = 0; and Equation (13) gives that for all x ∈ Γ and t ≥ 0,
u0(x, t) = 0. All these equations are now grouped into the following system

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜕tu0(x, t) − 𝜈Δu0(x, t) + (u0(x, t) ⋅ ∇)u0(x, t)
+ (u1(x, t) ⋅ ∇)u1(x, t) + 1

𝜌
∇p0(x, t) = f0 Ω, t > 0,

∇ ⋅ u0(x, t) = 0 Ω, t > 0,
u0(x, 0) = 0 Ω, t = 0,
u0(x, t) = 0 Γ, t > 0.

(14)

The weak formulation of Equation (14) is written as follows{
(𝜕tu0, v0) + a(u0, v0) + 1

𝜌
b(v0, p0) + t(u0,u0, v0) + t(u1,u1, v0) = l0(v0) ∀v0 ∈ X,

b(u0, q0) = 0 ∀q0 ∈ W .
(15)
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6 NOUAIME et al.

For the sake of having a more compact notation, we define the linear term on X as follows

li(v) = ∫Ω
fi ⋅ v dx.

The weak formulation (15) can be rewritten in a way which is more convenient for our purposes, in particu-
lar for the discretization step. According to the Proposition 1, the trilinear term t(u1,u1, v0) is antisymetric and
equal to 1

2
t(u1,u1, v0) − 1

2
t(u1, v0,u1). Hence, by replacing it in the system (15), the following weak formulation is

obtained

⎧⎪⎨⎪⎩
(𝜕tu0, v0) + a(u0, v0) + 1

𝜌
b(v0, p0) + t(u0,u0, v0) + 1

2
t(u1,u1, v0)

− 1
2

t(u1, v0,u1) = l0(v0) ∀v0 ∈ X ,

b(u0, q0) = 0 ∀q0 ∈ W .

(16)

One can do the same for i = 1, and the obtained equations are grouped in the following system

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜕tu1(x, t) − 𝜈Δu1(x, t) + (u0(x, t) ⋅ ∇)u1(x, t)
+ (u1(x, t) ⋅ ∇)u0(x, t) + 1

𝜌
∇p1(x, t) = f1 Ω, t > 0,

∇ ⋅ u1(x, t) = 0 Ω, t > 0,
u1(x, 0) = 0 Ω, t = 0,
u1(x, t) = 0 Γ, t > 0.

(17)

The weak formulation of Equation (17) is written as follows{
(𝜕tu1, v1) + a(u1, v1) + 1

𝜌
b(v1, p1) + t(u0,u1, v1) + t(u1,u0, v1) = l1(v1) ∀v1 ∈ X ,

b(u1, q1) = 0 ∀q1 ∈ W .
(18)

One again, the trilinear term t(u1,u0, v1) is equal to 1
2

t(u1,u0, v1) − 1
2

t(u1, v1,u0), by replacing it in (18) the following
weak formulation is obtained

⎧⎪⎨⎪⎩
(𝜕tu1, v1) + a(u1, v1) + 1

𝜌
b(v1, p1) + t(u0,u1, v1) + 1

2
t(u1,u0, v1)

− 1
2

t(u1, v1,u0) = l1(v1) ∀v1 ∈ X ,

b(u1, q1) = 0 ∀q1 ∈ W .

(19)

The two formulations (16) and (19) are written because they will be used in Section 6 to discretize the sensitivity of
the Navier–Stokes equations according to the FEV scheme and to study the stability of the discrete sensitivity of the
Navier–Stokes equations.

One can notice that the systems (14) and (17) are coupled. Therefore, this makes them difficult to solve numer-
ically. To simplify the resolution of these two systems, we perform a decoupling, that is, we find two new sys-
tems of PDEs, such that the first system is independent of the second one. The second system will depend on
the solution of the first; therefore, we obtain a triangular system. This is done using the following change of
variables

u1 = 𝜎ũ1, p1 = 𝜎p̃1, and f1 = 𝜎f̃1,

then these quantities are inserted in system (17). This new system (17) is subtracted from system (14) and according to
the following change of variables

u0 = ũ0 + 𝜎ũ1, p0 = p̃0 + 𝜎p̃1, and f0 = f̃0 + 𝜎f̃1.
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NOUAIME et al. 7

Finally, two decoupled systems (20) and (21) equivalent to the systems (14) and (17) are obtained

⎧⎪⎪⎨⎪⎪⎩

𝜕tũ0(x, t) − 𝜈Δũ0(x, t) + (ũ0(x, t) ⋅ ∇)ũ0(x, t) + 1
𝜌
∇p̃0(x, t) = f̃0 Ω, t > 0,

∇ ⋅ ũ0(x, t) = 0 Ω, t > 0,
ũ0(x, 0) = 0 Ω, t = 0,
ũ0(x, t) = 0 Γ, t > 0,

(20)

with ũ0, p̃0 and f̃0 the velocity, pressure and external force respectively.

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜕tũ1(x, t) − 𝜈Δũ1(x, t) + (ũ0(x, t) ⋅ ∇)ũ1(x, t) + (ũ1(x, t) ⋅ ∇)ũ0(x, t)
+ 2𝜎(ũ1(x, t) ⋅ ∇)ũ1(x, t) + 1

𝜌
∇p̃1 = f̃1 Ω, t > 0,

∇ ⋅ ũ1(x, t) = 0 Ω, t > 0,
ũ1(x, 0) = 0 Ω, t = 0,
ũ1(x, t) = 0 Γ, t > 0.

(21)

Remark 2. The system (20) corresponds to the Navier–Stokes equations (1). The system (21) represents the
first-order sensitivity of the Navier–Stokes equations, with ũ1, p̃1, and f̃1 the sensitivity of the velocity, pres-
sure, and external force respectively. These equations will also be referred to as sensitivity equations in the
following. The system (21) can be solved once system (20) is solved and the value of ũ0 is computed.

A stability estimate of the solutions u0 and u1 is established in the following proposition.

Proposition 2. Let f0 and f1 be stationary, the following stability estimate holds

||u0||2 + ||u1||2 + 𝜈∫
t

0
||∇u0(s)||2 + ||∇u1(s)||2 ds ≤ min(k1(t), k2(t))(||f0||2 + ||f1||2), (22)

where || ⋅ || is the L2 norm in space, k1(t) = et − 1, k2(t) = 4c2

𝜈
t, and c = Diam(Ω)

𝜋
the Poincaré constant 28,29.

Proof. The stability estimate, Equation (22), is obtained by replacing v0 by u0 and q0 by p0 in Equation (15)
and by replacing v1 by u1 and q1 by p1 in Equation (18), obtaining

(𝜕tu0,u0) = ∫Ω
𝜕t

u2
0

2
= 1

2
d
dt
||u0||2, a(u0,u0) = −𝜈 ∫Ω

u0Δu0 = 𝜈||∇u0||2, (23)

(𝜕tu1,u1) = ∫Ω
𝜕t

u2
1

2
= 1

2
d
dt
||u1||2, a(u1,u1) = 𝜈||∇u1||2, (24)

and thanks to Proposition 1, t(u0,u0,u0) = t(u1,u1,u1) = 0.
Using Cauchy–Schwarz and Young inequalities, the linear forms l0(u0) and l1(u1) are bounded as follows

l0(u0) = ∫Ω
f0 ⋅ u0 ≤ ||f0||||u0|| ≤ 1

2
||f0||2 + 1

2
||u0||2,

l1(u1) = ∫Ω
f1 ⋅ u1 =≤ ||f1||||u1|| ≤ 1

2
||f1||2 + 1

2
||u1||2.

According to Equation (15) and Equation (18) the following inequalities hold

1
2

d
dt
||u0||2 + 𝜈||∇u0||2 + t(u1,u1,u0) ≤ 1

2
||f0||2 + 1

2
||u0||2, (25)

1
2

d
dt
||u1||2 + 𝜈||∇u1||2 + t(u1,u0,u1) ≤ 1

2
||f1||2 + 1

2
||u1||2. (26)
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8 NOUAIME et al.

By summing Equation (25) and Equation (26) and multiplying by 2, knowing that and t(u1,u1,u0) =
−t(u1,u0,u1), one has

d
dt
(||u0||2 + ||u1||2) + 2𝜈(||∇u0||2 + ||∇u1||2)
≤ ||u0||2 + ||u1||2 + ||f0||2 + ||f1||2. (27)

By integrating Equation (27) in time, one has

||u0(t)||2 + ||u1(t)||2 + 2𝜈∫
t

0
||∇u0(s)||2 + ||∇u1(s)||2 ds

≤ ∫
t

0
||u0(s)||2 + ||u1(s)||2ds + ∫

t

0
||f0||2 + ||f1||2ds.

(28)

Knowing that f0 and f1 are stationary and by setting z(t) = ∫ t
0 ||u0(s)||2 + ||u1(s)||2ds then replacing it in

Equation (28) and multiplying by e−t, one has

e−t(z′(t) − z(t)) ≤ e−tt(||f0||2 + ||f1||2). (29)

Integrating Equation (29) in time and multiplying by et gives

z(t) ≤ (et − 1 − t)(||f0||2 + ||f1||2). (30)

Finally, z(t) is replaced in Equation (28)

||u0(t)||2 + ||u1(t)||2 + 𝜈∫
t

0
||∇u0(s)||2 + ||∇u1(s)||2 ds

≤ k1(t)(||f0||2 + ||f1||2), (31)

with k1(t) = et − 1.
According to Cauchy–Schwarz and Poincaré inequalities, the linear forms l0(u0) and l1(u1) can also be

bounded as follows

l0(u0) = ∫Ω
f0 ⋅ u0 ≤ c||f0||||∇u0|| ≤ 2c2

𝜈
||f0||2 + 𝜈

2
||∇u0||2, (32)

l1(u1) = ∫Ω
f1 ⋅ u1 ≤ c||f1||||∇u1|| ≤ 2c2

𝜈
||f1||2 + 𝜈

2
||∇u1||2. (33)

By plugging the inequalities (23) and (32) in Equations (15) and (24), (33) in Equation (18) the following
inequalities hold

1
2

d
dt
||u0||2 + 𝜈||∇u0||2 ≤ 2c2

𝜈
||f0||2 + 𝜈

2
||∇u0||2, (34)

1
2

d
dt
||u1||2 + 𝜈||∇u1||2 ≤ 2c2

𝜈
||f1||2 + 𝜈

2
||∇u1||2. (35)

By summing Equation (34) and Equation (35) one has

1
2

d
dt
(||u0||2 + ||u1||2) + 𝜈(||∇u0||2 + ||∇u1||2) ≤ 2c2

𝜈
||f0||2 + 𝜈

2
||∇u0||2

+ 2c2

𝜈
||f1||2 + 𝜈

2
||∇u1||2. (36)

 10970363, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/fld.5324 by C

N
A

M
, W

iley O
nline L

ibrary on [30/09/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



NOUAIME et al. 9

Integrating Equation (36) in time and multiplying by 2 gives

||u0(t)||2 + ||u1(t)||2 + 𝜈∫
t

0
||∇u0(s)||2 + ||∇u1(s)||2 ds ≤ k2(t)(||f0||2 + ||f1||2), (37)

with k2(t) = t 2c2

𝜈
. Finally, according to the Equation (31) and Equation (37) one has

||u0||2 + ||u1||2 + 𝜈∫
t

0
||∇u0(s)||2 + ||∇u1(s)||2 ds ≤ min(k1(t), k2(t))(||f0||2 + ||f1||2).

▪

4 DESCRIPTION OF THE FINITE ELEMENT-VOLUME METHOD

In this section, we describe the FEV method that we will use to discretize the sensitivity of the Navier–Stokes equations.
This discretization is implemented in the industrial code TrioCFD.20,21,30

TrioCFD is an open-source software developed by the CEA (French Alternative Energies and Atomic Energy Commis-
sion). It is designed to tackle a wide range of complex challenges, such as turbulent fluid dynamics, fluid-solid coupling,
and multiphase flows and so forth. This software addresses problems in the nuclear energy sector through mathematical
and computational modeling. FEV is one of the most commonly used spatial discretizations in TrioCFD. The FEV was
first proposed by Emonot in his thesis,16 then extended by in References 17 and 18. The FEV method has been extensively
applied to Stokes and Navier–Stokes equations and, to a lesser extent, to sensitivity equations. Notably, this scheme needs
more numerical analysis concerning the sensitivity of the Navier–Stokes equations. In this section, the FEV method is
described in detail. First, the mesh and localization of the degrees of freedom are presented. Then, the different control
volumes are described. Finally, the decomposition of velocity and pressure is explained.

4.1 Mesh

Let h be the mesh size and h be a regular triangulation of Ω, whose elements are noted Kl, in the usual sense where:

• for any h, the intersection of two different elements of h, if not empty, is either a vertex or an edge common to these
two elements.

• the ratio between the diameter hKl of an element Kl ∈ h and the diameter of the inscribed circle is bounded by a
constant r independent of h.

NK , NS, NFy, and NE denote respectively, the number of elements, vertices, faces of hy, and the elements that have sj
as a vertex. The set of faces is denoted by h. The vertices are sj, the middle points of faces by xi, the faces by fi, and the
centers of mass by cl.

4.2 Localization of the degrees of freedom

Let P0(Kl) be the space of constant functions on the triangle Kl and P1(Kl) be the space of linear functions on Kl. The
two finite element spaces Xh and Wh are defined as the approximation spaces for the velocity uh and the pressure ph,
respectively.

These spaces are introduced as follow

Xh = {vh continuous at xi ∶ ∀ Kl ∈ h, vh|Kl ∈ P1(Kl)},
Xh = {vh = (vx, vy) ∶ vx, vy ∈ Vh},
Wh = {ph ∶ ∀Kl ∈ h, ph|Kl ∈ P0(Kl)⊕ P1(Kl)},

and, Wh,0 = Wh ∩ L2
0(Ω), with L2

0(Ω) = {qh ∈ L2(Ω);∫Ω
qh dx}.
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10 NOUAIME et al.

The space Xh is endowed with the following semi-norm |uh|h,Ω =
(∑NK

l=1|uh|2H1(Kl)

) 1
2
.

The velocity degrees of freedom are located on the middle points of the faces of the triangles. The pressure degrees of
freedom are located at the vertices and the center of gravity of the elements, see Figure 1. The space Xh is therefore not
included in X = H1

0(Ω)
2, making this non-conforming.

Let 𝜙i be the one-dimensional basis function of Xh which verifies 𝜙i(xj) = 𝛿ij. On each element Kl, the basis functions
are written, 𝜙i|Kl = 1 − 2𝜆i|Kl where 𝜆i|Kl is the barycentric coordinate of Kl associated to the vertex facing the node xi.

4.3 Description of the control volumes

To apply the FEV method, a mesh of the domain and a finite element space are needed. The solution is characterized by
its values at the nodes, and a control volume is associated with each node.

For the Navier–Stokes equations, the control volume associated to each velocity node located at the center of a face is
constructed by joining the centers of gravity of the elements having a face in common with the vertices of that face, see
Figure 2B. The 𝜅i in each element is defined by the following relation (see Figure 2A):

𝜅i = {x ∈ K ∶ 𝜙i(x) ≥ 𝜙j(x) ∀i ≠ j}.

A control volume 𝜔i is defined as 𝜔i =
⋃

fi∈Kl

𝜅i.

The two types of control volumes for the mass conservation equation are

• the first one is associated with pressure node at the gravity center cl of an element Kl is Kl.
• the second one, denoted by Πsj , is associated with the pressure node in sj.

Different choices can be made for the construction of control volumes. These choices and their consequences on the
definition of the bilinear forms are detailed in Reference 18. The control volume Πsi is defined in the following way:

F I G U R E 1 Localization of the degrees of freedom for the element P1
NC ⧵ P0 + P1. [Colour figure can be viewed at wileyonlinelibrary.com]

F I G U R E 2 The figure (A) represents the 𝜅i attached to the node xi and the figure (B) represents the control volume 𝜔i (the dotted area)
also attached to xi. [Colour figure can be viewed at wileyonlinelibrary.com]
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NOUAIME et al. 11

F I G U R E 3 The control volume K associated with the pressure node on cl (the hatched area) and the control volume Πsi
associated

with the vertex (the dotted area). [Colour figure can be viewed at wileyonlinelibrary.com]

Πsj =
⋃

Kl∈h

{
x ∈ Kl; 𝜆sj(x) ≥ 1

2

}
. This control volume Πsj is constructed by joining on all the elements containing sj the

centers of the faces of which sj is a vertex, see Figure 3.

4.4 Decomposition of velocity and pressure spaces

The two spaces Xh and Wh are each decomposed into two subspaces as follows:

• Xh = XT
h + XN

h with XT
h the space of velocities P1

NC tangent to the faces and XN
h the space of velocities P1

NC normal to the
faces.

• Wh = W0
h + W1

h with W0
h the space of pressures spanned by P0(Kl) and W1

h the space of pressures spanned by P1(Kl).

Any function uh of Xh can be written

∀x ∈ Ω, uh(x) =

⎡⎢⎢⎢⎢⎢⎣

NF∑
i=1

ux
h(xi)𝜙i(x)

NF∑
i=1

uy
h(xi)𝜙i(x)

⎤⎥⎥⎥⎥⎥⎦
. (38)

Any function ph of Wh is written

∀x ∈ Ω, ph(x) =
NS∑
j=1

ph(sj)𝜆sj(x) +
NK∑
l=1

(
ph(cl) −

1
3

NS∑
i=1

ph(sj)

)
1Kl (x). (39)

As Wh = W0
h + W1

h , ph is written as follows

∀x ∈ Ω, ph(x) = p1
h(x) + p0

h(x),

with p1
h ∈ W1

h and p0
h ∈ W0

h defined in the following way

p1
h =

NS∑
i=1

ph(sj)𝜆sj =
NS∑
i=1

psj

h𝜆sj ,

p0
h =

NK∑
l=1

(
ph(cl) −

1
3

NS∑
j=1

ph(sj)

)
1Kl =

NK∑
l=1

pKl
h 1Kl .
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12 NOUAIME et al.

The notations introduced are

∀j = 1, … ,NS, psj

h = ph(sj),

∀l = 1, … ,NKl , pKl
h = ph(cl) −

1
3

NS∑
j=1

ph(sj).

The FEV method is a widely employed discretization technique for PDEs. A contributing factor to its popularity is its
capacity to maintain local mass conservation, a vital aspect in tackling particular physical problems. The method can
be regarded as a modification of the finite element method, except for the source term,16 when used to solve the Stokes
equations, and it makes use of established theories from the finite element method, especially to show stability and the
convergence of the FEV scheme for the Stokes equations.18

5 DISCRETE NAVIER–STOKES EQUATIONS

In this section, the Navier–Stokes equations, Equation (1), are discretized using the FEV method, and a stability estimate
is established for the discrete Navier–Stokes equations. These results will be generalized to the sensitivity equations.

5.1 Spatial discretization

In order to have a discrete formulation, the conservation of momentum equation is integrated over 𝜔i and then multiplied
by a test function associated with the node xi. The conservation of mass equation is integrated over Kl then multiplied
by a test function associated with cl; it is also integrated over Πsj then multiplied by a test function associated with the
node sj. Finally, we sum over all nodes. The discrete Navier–Stokes problem formulated in FEV is written as follows: find
(uh, ph) ∈ Xh × Wh,0 such that{

aV
h (uh, vh) + 1

𝜌
bV

h (vh, ph) + tV
h (uh,uh, vh) = lV

h (vh) ∀vh ∈ Xh,

cV
h (uh, qh) = 0 ∀qh ∈ Wh,0.

(40)

with aV
h (uh, vh) the following bilinear form on Xh × Xh

aV
h (uh, vh) = −𝜈

NF∑
i=1

(
vh(xi) ⋅ ∫𝜕𝜔i

∇uhn ds
)
,

bV
h (vh, ph) and cV

h (uh, qh) the two bilinear forms on Xh × Wh

bV
h (vh, ph) =

NF∑
i=1

(
vh(xi) ⋅ ∫𝜕𝜔i

phn ds
)
,

cV
h (uh, qh) =

NS∑
j=1

qsj

h

(
∫𝜕Πsj

uh ⋅ n ds + 𝛼1

NE∑
l=1

∫𝜕Kl

uh ⋅ n ds

)
+ 𝛼2

NK∑
l=1

qKl
h

(
∫𝜕Kl

uh ⋅ n ds
)
,

lV
h (vh) the linear form on Xh

lV
h (vh) =

NF∑
i=1

(
vh(xi) ⋅ ∫𝜔i

f dx
)
,

and tV
h (uh, vh,wh) the trilinear form on Xh × Xh × Xh

tV
h (uh, vh,wh) =

NF∑
i=1

(
wh(xi) ⋅ ∫𝜔i

(uh(x) ⋅ ∇)vh(x) dx
)

=
NF∑
i=1

(
wh(xi) ⋅ ∫𝜕𝜔i

vh(x)(uh(x) ⋅ ni(x)) ds
)
.
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NOUAIME et al. 13

The two coefficients 𝛼1 and 𝛼2 are used to make the form cV
h (⋅, ⋅) proportional to bV

h (⋅, ⋅). For our choice of control volume,
the coefficients are 𝛼1 = 1∕4 and 𝛼2 = 3∕2. These two coefficients depend on the space dimension and the choice of the
mass control volumes; see Reference 18 for the computation of the different options for 𝛼1 and 𝛼2.

The linear and bilinear forms of the weak formulation (40) are compared in Reference 18 with those of the follow-
ing discretization of the Navier–Stokes equations, obtained with the finite element method: find (uh, ph) ∈ Xh × Wh,0
such that {

ah(uh, vh) + 1
𝜌

bh(vh, ph) + th(uh,uh, vh) = lh(vh) ∀vh ∈ Xh,

bh(uh, qh) = 0 ∀qh ∈ Wh,0,
(41)

where the bilinear form ah(⋅, ⋅), the linear form lh(⋅), and the trilinear form th(⋅, ⋅, ⋅) are defined as follows

ah(uh, vh) = 𝜈

NK∑
l=1

∫Kl

∇uh ∶ ∇vh dx, lh(vh) =
NK∑
l=1

∫Kl

fh ⋅ vh dx,

th(uh, vh,wh) =
NK∑
l=1

∫Kl

[uh ⋅ ∇vh] ⋅ wh dx.

To define the bilinear form bh(⋅, ⋅) another decomposition of the space Wh is used, Wh = W̃h ⊕ W0
h with

W̃h = {qh ∈ Wh; ∀Kl ∈ h, qh|Kl
∈ L2

0(Kl)}.

The orthogonal projection operator Π0
h ∶ L2

0(Kl) → W0
h is introduced:

∀p ∈ L2(Ω), ∀qh ∈ W0
h (p − Π0

hp; qh) = 0.

Then the second orthogonal projection operator Π̃h ∶ L2
0(Kl) → W̃h is defined:

∀p ∈ L2(Ω), ∀qh ∈ W̃h (p − Π̃hp; qh) = 0.

Finally, the linear form bh is defined

bh(v, p) =
NK∑
l=1

∫Kl

v ⋅ ∇p1
h dx −

NK∑
l=1

∫Kl

∇ ⋅ v(ph − p1
h) dx.

with p ∈ L2
0(Ω), ph = Π0

hp, and p̃h = Π̃hp = p1
h − p1

h. The bilinear forms ah(⋅, ⋅) and aV
h (⋅, ⋅) are identical on the space Xh

16

and ∀vh ∈ Xh and ph ∈ Wh, bh(vh, ph) = bV
h (vh, ph).18

We now define the trilinear term tV
hh(uh, vh,wh)

tV
h (uh, vh,wh) ≈ tV

hh(uh, vh,wh) ≡
NF∑
i=1

(
wh(xi) ⋅ ∫𝜕𝜔i

vh(x∗)(uh(x) ⋅ ni(x)) ds
)
,

where x∗ is defined as follows

x∗ =

{
xi if uh ⋅ ni > 0 on 𝜕𝜔i ∩ 𝜕𝜔j,

xj otherwise.

This corresponds to an upwind-type approach. For each edge of 𝜔i, uh ⋅ ni is computed and, according to its sign, it is
multiplied by either uh(xi) or uh(xj), where 𝜔j is the control volume adjacent to the considered edge. The upwind-type
scheme leads to a CFL condition 31 on the time step Δt when considering the time discretization. The trilinear term
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14 NOUAIME et al.

tV
hh(⋅, ⋅, ⋅) possesses an advantageous and indispensable property, which will be presented and verified in the following

proposition.

Proposition 3. Let uh ∈ Xh such that ∇ ⋅ uh = 0, then

∀vh ∈ Xh, tV
hh(uh, vh, vh) ≥ 0.

Proof.

tV
hh(uh, vh, vh) =

∑
j≠i

∑
i

vh(xi) ⋅

(
∫𝜕𝜔i∩𝜕𝜔j

vh(x∗)(uh(x) ⋅ ni(x)) ds

)

Knowing that ∇ ⋅ uh = 0, the following equality is obtained ∀𝛽 ∈ R

tV
hh(uh, vh, vh) =

∑
j≠i

∑
i

vh(xi) ⋅

(
∫𝜕𝜔i∩𝜕𝜔j

vh(x∗)(uh(x) ⋅ ni(x))ds

+ 𝛽vh(xi) ⋅ ∫𝜔i

∇ ⋅ uh dx
)

=
∑
j≠i

∑
i

vh(xi) ⋅

(
∫𝜕𝜔i∩𝜕𝜔j

vh(x∗)(uh(x).ni(x)) ds

+ 𝛽vh(xi) ⋅ ∫𝜕𝜔i∩𝜕𝜔j

uh(x) ⋅ ni(x) ds

)

The proof will be done according to 2 cases.
Case 1: if uh ⋅ ni > 0,

tV
hh(uh, vh, vh) =

∑
j≠i

∑
i

vh(xi) ⋅

(
∫𝜕𝜔i∩𝜕𝜔j

vh(xi)(uh(x) ⋅ ni(x)) ds + 𝛽vh(xi) ⋅ ∫𝜔i

∇ ⋅ uh dx

)

=
(
v2

h(xi) + 𝛽v2
h(xi)

)
⋅

(
∫𝜕𝜔i∩𝜕𝜔j

uh(x) ⋅ ni(x) ds

)

+
(
vh(xi) ⋅ vh(xj) + 𝛽v2

h(xj)
)
⋅

(
∫𝜕𝜔i∩𝜕𝜔j

uh(x) ⋅ nj(x) ds

)

=
(
v2

h(xi) + 𝛽v2
h(xi) − vh(xi) ⋅ vh(xj) − 𝛽v2

h(xj)
)
⋅

(
∫𝜕𝜔i∩𝜕𝜔j

uh(x) ⋅ ni(x) ds

)
Let 𝛽 = −1

2
, tV

hh(uh, vh, vh) =
(

v2
h(xi) −

1
2

v2
h(xi) − vh(xi) ⋅ vh(xj)

+1
2

v2
h(xj)

)(
∫𝜕𝜔i∩𝜕𝜔j

uh(x) ⋅ ni(x) ds

)

= 1
2
|vh(xi) − vh(xj)|2(∫𝜕𝜔i∩𝜕𝜔j

uh(x) ⋅ ni(x) ds

)
.

Therefore tV
hh(uh, vh, vh) ≥ 0.

Case 2: if uh ⋅ ni < 0,

tV
hh(uh, vh, vh) =

∑
j≠i

∑
i

vh(xi) ⋅

(
∫𝜕𝜔i∩𝜕𝜔j

vh(xj)(uh(x) ⋅ ni(x)) ds + 𝛽vh(xi)∫𝜔i

∇ ⋅ uh

)

=
(
vh(xi) ⋅ vh(xj) + 𝛽v2

h(xi)
)(

∫𝜕𝜔i∩𝜕𝜔j

uh(x) ⋅ ni(x) ds

)
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NOUAIME et al. 15

+
(
v2

h(xj) + 𝛽v2
h(xj)

)(
∫𝜕𝜔i∩𝜕𝜔j

uh(x) ⋅ nj(x) ds

)

=
(
𝛽v2

h(xi) − 𝛽v2
h(xj) + vh(xi)vh(xj) − v2

h(xj)
)(

∫𝜕𝜔i∩𝜕𝜔j

uh(x) ⋅ ni(x) ds

)
.

Let 𝛽 = −1
2
, tV

hh(uh, vh, vh) =
(
−1

2
v2

h(xi) + vh(xi) ⋅ vh(xj) +
1
2

v2
h(xj)

−v2
h(xj)

)(
∫𝜕𝜔i∩𝜕𝜔j

uh(x) ⋅ ni(x) ds

)

= −1
2
|vh(xi) − vh(xj)|2(∫𝜕𝜔i∩𝜕𝜔j

uh(x) ⋅ ni(x) ds

)
.

Therefore tV
hh(uh, vh, vh) ≥ 0. ▪

5.2 Time discretization and stability estimate

For the time discretization, an Euler scheme is applied.32 Let tn be the nth time step and un
h be an approximation of u(x, tn).

The interval [0,T] is divided into N intervals having a length Δtn = tn+1 − tn. By coupling this with the spatial scheme
described in the previous subsection, the following system is obtained find un+1

h and pn+1
h (when u0

h, … ,un
h and p0

h, … , pn
h

are known) such that:

⎧⎪⎪⎨⎪⎪⎩

NF∑
i=1

∫
𝜔i

un+1
h −un

h
Δtn ⋅ vh + aV

h (u
n+1
h , vh) + tV

hh(u
n
h,u

n+1
h , vh)

+ 1
𝜌

bV
h (vh, pn+1

h ) = lV
h (vh) ∀vh ∈ Xh,

cV
h (u

n+1
h , qh) = 0 ∀qh ∈ Wh,0.

(42)

The following proposition provides a stability estimate for the solution un+1
h . It is achieved by comparing the bilinear

forms of the FEV discretized equations with those of the equations discretized according to the finite element method.
The bilinear terms aV

h (⋅, ⋅) and bV
h (⋅, ⋅) are replaced in system (42) respectively with ah(⋅, ⋅) and bh(⋅, ⋅):

⎧⎪⎪⎨⎪⎪⎩

NF∑
i=1

∫
𝜔i

un+1
h −un

h
Δtn ⋅ vh + ah(un+1

h , vh) + 1
𝜌

bh(vh, pn+1
h )

+ tV
hh(u

n
h,u

n+1
h , vh) = lh(vh) ∀vh ∈ Xh,

bh(un+1
h , qh) = 0 ∀qh ∈ Wh,0.

(43)

The proof of the following proposition is presented in Appendix A.

Proposition 4. Let fh be stationary, the following stability estimate holds

||un+1
h ||2 + 𝜈∫

tn+1

0
||∇uh(s)||2 ds + 2∫

tn

0
tV
hh(uh(s),uh(s + Δt),uh(s + Δt)) ds

≤ min(k1(tn+1), k2(tn+1))||fh||2. (44)

with k1(tn+1) = 12(etn+1 − 1), k2(tn+1) = 48c2

𝜈
tn+1, and c is the Poincaré constant 28,29.

6 DISCRETE SENSITIVITY OF THE NAVIER–STOKES EQUATIONS

This section considers the sensitivity of the Navier–Stokes equations from Section 3.2. These equations are discretized
using the FEV scheme, and a stability estimate of the discrete sensitivity is established.
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16 NOUAIME et al.

6.1 Spatial discretization

There are several ways to discretize the sensitivity equations.
First method: Equation (14) and Equation (17) are considered and only the spatial terms are treated. They are

discretized using the method described in Section 4. The discrete form of the system (14) formulated in FEV is: find
(u0,h, p0,h) ∈ Xh × Wh,0 such that

⎧⎪⎪⎨⎪⎪⎩
aV

h (u0,h, v0,h) + 1
𝜌

bV
h (v0,h, p0,h) + tV

hh(u0,h,u0,h, v0,h)

+ tV
hh(u1,h,u1,h, v0,h) = lV

0,h(v0,h) ∀v0,h ∈ Xh,

cV
h (u0,h, q0,h) = 0 ∀q0,h ∈ Wh,0.

(45)

The discretization of the system (17) formulated in FEV is then written: find (u1,h, p1,h) ∈ Xh × Wh,0 such that

⎧⎪⎪⎨⎪⎪⎩
aV

h (u1,h, v1,h) + 1
𝜌

bV
h (v1,h, p1,h) + tV

hh(u0,h,u1,h, v1,h)

+ tV
hh(u1,h,u0,h, v1,h) = lV

1,h(v1,h) ∀v1,h ∈ Xh,

cV
h (u1,h, q1,h) = 0 ∀q1,h ∈ Wh,0.

(46)

The linear term lV
m,h(⋅) is defined on Xh as follows

lV
m,h(vh) =

NF∑
i=1

∫𝜔i

fm,h ⋅ vh dx, with m ∈ {0, 1}.

In Appendix B, we show the continuity of these linear terms.
Second method: The two weak formulations (16) and (19) are considered. Only the spatial part of these systems

is treated. To discretize them according to the FEV scheme, the linear term lm(⋅), the bilinear terms a(⋅, ⋅) and b(⋅, ⋅)
and the trilinear one t(⋅, ⋅, ⋅) are respectively replaced by the discrete linear term lV

m,h(⋅), the bilinear terms aV
h (⋅, ⋅) and

bV
h (⋅, ⋅) and the trilinear one tV

hh(⋅, ⋅, ⋅). The discrete version of the system (16) is then written: find (u0,h, p0,h) ∈ Xh × Wh,0
such that

⎧⎪⎪⎨⎪⎪⎩
aV

h (u0,h, v0,h) + 1
𝜌

bV
h (v0,h, p0,h) + tV

hh(u0,h,u0,h, v0,h)

+ 1
2

tV
hh(u1,h,u1,h, v0,h) − 1

2
tV
hh(u1,h, v0,h,u1,h) = lV

0,h(v0,h) ∀v0,h ∈ Xh,

bV
h (u0,h, q0,h) = 0 ∀q0,h ∈ Wh,0.

(47)

The discrete version of the system (19) is then written: find (u1,h, p1,h) ∈ Xh × Wh,0 such that

⎧⎪⎪⎨⎪⎪⎩
aV

h (u1,h, v1,h) + 1
𝜌

bV
h (v1,h, p1,h) + tV

hh(u0,h,u1,h, v1,h)

+ 1
2

tV
hh(u1,h,u0,h, v1,h) − 1

2
tV
hh(u1,h, v1,h,u0,h) = lV

1,h(v1,h) ∀v1,h ∈ Xh,

bV
h (u1,h, q1,h) = 0 ∀q1,h ∈ Wh,0.

(48)

6.2 Stability estimate for the fully discretized problem

The Euler scheme described in Section 5.2 is applied for the time discretization. By coupling it with the spatial scheme
described in the previous subsection, the following systems are obtained, find un+1

0,h and pn+1
0,h (when u0

0,h, … ,un
0,h and

p0
0,h, … , pn

0,h are known) such that
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NOUAIME et al. 17

⎧⎪⎪⎪⎨⎪⎪⎪⎩

NF∑
i=1

∫
𝜔i

un+1
0,h −un

0,h

Δtn ⋅ v0,h + aV
h (u

n+1
0,h , v0,h) + 1

𝜌
bV

h (v0,h, pn+1
0,h )

+ tV
hh(u

n
0,h,u

n+1
0,h , v0,h) + 1

2
tV
hh(u

n
1,h,u

n+1
1,h , v0,h)

− 1
2

tV
hh(u

n
1,h, v0,h,un+1

1,h ) = lV
0,h(v0,h) ∀v0,h ∈ Xh,

bV
h (u

n+1
0,h , q0,h) = 0 ∀q0,h ∈ Wh,0.

(49)

find un+1
1,h and pn+1

1,h (when u0
1,h, … ,un

1,h and p0
1,h, … , pn

1,h are known) such that

⎧⎪⎪⎪⎨⎪⎪⎪⎩

NF∑
i=1

∫
𝜔i

un+1
1,h −un

1,h

Δtn ⋅ v1,h + aV
h (u

n+1
1,h , v1,h) + 1

𝜌
bV

h (v1,h, pn+1
1,h )

+ tV
hh(u

n
0,h,u

n+1
1,h , v1,h) + 1

2
tV
hh(u

n
1,h,u

n+1
0,h , v1,h)

− 1
2

tV
hh(u

n
1,h, v1,h,un+1

0,h ) = lV
1,h(v1,h) ∀v1,h ∈ Xh,

bV
h (u

n+1
1,h , q1,h) = 0 ∀q1,h ∈ Wh,0.

(50)

In the following Theorem, a stability estimate for the sum of the solutions un+1
0,h and un+1

1,h of the discrete sensitivity of the
Navier–Stokes equations, Equation (49) and Equation (50) is provided. This stability estimate uses the Gronwall lemma
and the Poincaré inequality.

Theorem 1. Let f0,h and f1,h be stationary. The FEV method is stable for the first-order sensitivity of the
Navier–Stokes equations.

||un+1
0,h ||2 + ||un+1

1,h ||2 + 𝜈∫
tn+1

0
||∇u0,h(s)||2 + ||∇u1,h(s)||2 ds

+ 2∫
tn

0
tV
hh(u0,h(s),u0,h(s + Δtn),u0,h(s + Δtn)) + tV

hh(u0,h(s),u1,h(s + Δtn),u1,h(s + Δtn)) ds

≤ min(k1(tn+1), k2(tn+1))(||f0,h||2 + ||f1,h||2),
(51)

with k1(tn+1) = 12(etn+1 − 1), k2(tn+1) = tn+1 48c2

𝜈
, and c = Diam(Ω)

𝜋
the Poincaré constant.28,29

Proof. The stability estimate (51) is obtained by replacing v0,h by un+1
0,h and q0,h by pn+1

0,h in Equation (49) and
also replacing v1,h by un+1

1,h and q1,h by pn+1
1,h in Equation (50)

aV
h (u

n+1
0,h ,un+1

0,h ) = ah(un+1
0,h ,un+1

0,h ) =
NF∑
i=1

∫𝜔i

−𝜈un+1
0,h Δun+1

0,h dx = 𝜈||∇un+1
0,h ||2, (52)

NF∑
i=1

∫𝜔i

|un+1
0,h |2 dx = ||un+1

0,h ||2. (53)

aV
h (u

n+1
1,h ,un+1

1,h ) = ah(un+1
1,h ,un+1

1,h ) =
NF∑
i=1

∫𝜔i

−𝜈un+1
1,h Δun+1

1,h dx = 𝜈||∇un+1
1,h ||2, (54)

NF∑
i=1

∫𝜔i

|un+1
1,h |2 dx = ||un+1

1,h ||2. (55)

According to the Cauchy–Schwarz and Young inequalities
∑NF

i=1 ∫𝜔i
un

0,h ⋅ un+1
0,h dx and

∑NF
i=1 ∫𝜔i

un
1,h ⋅ un+1

1,h dx
are bounded as follows

NF∑
i=1

∫𝜔i

un
0,h ⋅ un+1

0,h dx ≤ ||un
0,h||||un+1

0,h || ≤ 1
2
||un

0,h||2 + 1
2
||un+1

0,h ||2, (56)
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18 NOUAIME et al.

NF∑
i=1

∫𝜔i

un
1,h ⋅ un+1

1,h dx ≤ ||un
1,h||||un+1

1,h || ≤ 1
2
||un

1,h||2 + 1
2
||un+1

1,h ||2. (57)

The linear forms lV
0,h(u

n+1
0,h ) and lV

1,h(u
n+1
1,h ) are continuous according to Appendix B. They are bounded

according to the Young and Poincaré inequalities

lV
0,h(u

n+1
0,h ) ≤√

12||f0,h||||un+1
0,h || ≤ 6||f0,h||2 + 1

2
||un+1

0,h ||2, (58)

lV
1,h(u

n+1
1,h )

√
12 ≤ ||f1,h||||un+1

1,h || ≤√
12||f1,h||||un+1

1,h || ≤ 6||f1,h||2 + 1
2
||un+1

1,h ||2. (59)

By replacing the equalities Equation (52) and Equation (53) and the inequality Equation (56) in Equation (49)
the following inequality holds

||un+1
0,h ||2 + 𝜈Δtn||∇un+1

0,h ||2 + ΔtntV
hh(u

n
0,h,u

n+1
0,h ,un+1

0,h ) + 1
2
ΔtntV

hh(u
n
1,h,u

n+1
1,h ,un+1

0,h )

+ 1
2
ΔtntV

hh(u
n
1,h,u

n+1
0,h ,un+1

1,h ) ≤ 1
2
||un

0,h||2 + 1
2
||un+1

0,h ||2 + 6Δtn||f0,h||2. (60)

By replacing the equalities Equation (54) and Equation (55) and the inequality Equation (57) in Equation (50)
the following inequality holds

||un+1
1,h ||2 + 𝜈Δtn||∇un+1

1,h ||2 + ΔtntV
hh(u

n
0,h,u

n+1
1,h ,un+1

1,h )

+ 1
2
ΔtntV

hh(u
n
1,h,u

n+1
0,h ,un+1

1,h ) − 1
2
ΔtntV

hh(u
n
1,h,u

n+1
1,h ,un+1

0,h ) ≤ 1
2
||un

1,h||2 + 1
2
||un+1

1,h ||2 + 6Δtn||f1,h||2. (61)

By multiplying by 2 Equation (60) and summing over all the n, one has

||un+1
0,h ||2 + 2𝜈

n∑
p=0

Δtp||∇up+1
0,h ||2 + 2

n∑
p=0

ΔtptV
hh(u

p
0,h,u

p+1
0,h ,up+1

0,h )

+
n∑

p=0
ΔtptV

hh(u
p
1,h,u

p+1
1,h ,up+1

0,h ) −
n∑

p=0
ΔtptV

hh(u
p
1,h,u

p+1
0,h ,up+1

1,h ) ≤
n∑

p=0
Δtp||un+1

0,h ||2 + 12
n∑

p=0
Δtp||f0,h||2. (62)

By multiplying by 2 Equation (61) and summing all over the n, one has

||un+1
1,h ||2 + 2𝜈

n∑
p=0

Δtp||∇up+1
1,h ||2 + 2

n∑
p=0

ΔtptV
hh(u

p
0,h,u

p+1
1,h ,up+1

1,h )

+
n∑

p=0
ΔtptV

hh(u
p
1,h,u

p+1
0,h ,up+1

1,h ) −
n∑

p=0
ΔtptV

hh(u
p
1,h,u

p+1
1,h ,up+1

0,h ) ≤
n∑

p=0
Δtp||up+1

1,h ||2 + 12
n∑

p=0
Δtp||f1,h||2.

(63)

By summing Equation (62) and Equation (63), one has

||un+1
0,h ||2 + ||un+1

1,h ||2 + 2𝜈
n∑

p=0
Δtp(||∇up+1

0,h ||2 + ||∇up+1
1,h ||2)

+ 2
n∑

p=0
ΔtptV

hh(u
p
0,h,u

p+1
0,h ,up+1

0,h ) + 2
n∑

p=0
ΔtptV

hh(u
p
0,h,u

p+1
1,h ,up+1

1,h )

≤
n∑

p=0
Δtp||up+1

0,h ||2 + n∑
p=0

Δtp||up+1
1,h ||2 + 12

n∑
p=0

Δtp(||f0,h||2 + f1,h||2).
(64)
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NOUAIME et al. 19

Applying the rectangle method to Equation (64) gives

||un+1
0,h ||2 + ||un+1

1,h ||2 + 2𝜈∫
tn+1

0
||∇un+1

0,h (s)||2 + ||∇un+1
1,h (s)||2 ds

+ 2∫
tn

0
tV
hh(u0,h(s),u0,h(s + Δtn),u0,h(s + Δtn)) + tV

hh(u0,h(s),u1,h(s + Δtn),u1,h(s + Δtn)) ds

≤ ∫
tn+1

0
(||u0,h(s)||2 + ||u1,h(s)||2) ds + 12tn+1(||f0,h||2 + ||f1,h||2).

(65)

By setting z(tn+1) = ∫ tn+1

0 ||un+1
0,h (s)||2 + ||un+1

1,h (s)||2 ds, then replacing it in Equation (65) and multiplying by
e−tn+1 , one has

e−tn+1(z′(tn+1) − z(tn+1)) ≤ 12e−tn+1 tn+1(||f0,h||2 + ||f1,h||2). (66)

Integrating in time Equation (66) and multiplying it by etn+1 , gives

z(tn+1) ≤ 12(etn+1 − 1 − tn+1)(||f0,h||2 + ||f1,h||2). (67)

Then, z(t) is replaced in Equation (65), and one has

||un+1
0,h ||2 + ||un+1

1,h ||2 + 𝜈∫
tn+1

0
||∇un+1

0,h (s)||2 + ||∇un+1
1,h (s)||2 ds

2∫
tn

0
tV
hh(u0,h(s),u0,h(s + Δtn),u0,h(s + Δtn)) + tV

hh(u0,h(s),u1,h(s + Δtn),u1,h(s + Δtn)) ds

≤ k1(tn+1)(||f0,h||2 + ||f1,h||2),
(68)

with k1(tn+1) = 12(etn+1 − 1). The two linear forms lV
0,h(u

n+1
0,h ) and lV

1,h(u
n+1
1,h ) can also be bounded using the

Poincaré inequality.

l0,h(un+1
0,h ) ≤ c

√
12||f0,h||||∇un+1

0,h || ≤ 24c2

𝜈
||f0,h||2 + 𝜈

2
||∇un+1

0,h ||2, (69)

l1,h(un+1
1,h ) ≤ c

√
12||f1,h||||∇un+1

1,h || ≤ 24c2

𝜈
||f1,h||2 + 𝜈

2
||∇un+1

1,h ||2. (70)

By plugging the inequalities (52), (56), and (69) in Equation (49) the following inequality holds

1
2
||un+1

0,h ||2 + 𝜈

2
Δtn||∇un+1

0,h ||2 + ΔtntV
hh(u

n
0,h,u

n+1
0,h ,un+1

0,h )

+ 1
2
ΔtntV

h (u
n
1,h,u

n+1
1,h ,un+1

0,h ) − 1
2
ΔtntV

h (u
n
1,h,u

n+1
0,h ,un+1

1,h ) ≤ 1
2
||un

0,h||2 + 24c2

𝜈
Δtn||f0,h||2. (71)

By plugging the inequalities (54), (57), and (70) in Equation (50) the following inequality holds

1
2
||un+1

1,h ||2 + 𝜈

2
Δtn||∇un+1

1,h ||2 + ΔtntV
hh(u

n
0,h,u

n+1
1,h ,un+1

1,h )

1
2
ΔtntV

h (u
n
1,h,u

n+1
0,h ,un+1

1,h ) − 1
2
ΔtntV

h (u
n
1,h,u

n+1
1,h ,un+1

0,h ) ≤ 1
2
||un

1,h||2 + 24c2

𝜈
Δtn||f1,h||2. (72)

By multiplying by 2 Equation (71) and Equation (72), and summing over all the n the two equations, then by
summing this two obtained equations, we have the following inequality
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20 NOUAIME et al.

||un+1
0,h ||2 + ||un+1

1,h ||2 + 𝜈

n∑
p=0

Δtp(||∇up+1
0,h ||2 + ||∇up+1

1,h ||2)
+ 2

n∑
p=0

ΔtptV
hh(u

p
0,h,u

p+1
0,h ,up+1

0,h ) + 2
n∑

p=0
ΔtptV

hh(u
p
0,h,u

p+1
1,h ,up+1

1,h )

≤
n∑

p=0
Δtp 48c2

𝜈
(||f0,h||2 + ||f1,h||2).

(73)

Applying the rectangle method to Equation (73) gives

||un+1
0,h ||2 + ||un+1

1,h ||2 + 𝜈∫
tn+1

0
||∇un+1

0,h (s)||2 + ||∇un+1
1,h (s)||2 ds

+ 2∫
tn

0
tV
hh(u0,h(s),u0,h(s + Δtn),u0,h(s + Δtn)) + tV

hh(u0,h(s),u1,h(s + Δtn),u1,h(s + Δtn)) ds

≤ k2(tn+1)(||(f0,h||2 + ||f1,h||2),
(74)

with k2(tn+1) = 48c2

𝜈
tn+1. Finally, according to Equation (68) and Equation (74)

||un+1
0,h ||2 + ||un+1

1,h ||2 + 𝜈∫
tn+1

0
||∇u0,h(s)||2 + ||∇u1,h(s)||2 ds

+ 2∫
tn

0
tV
hh(u0,h(s),u0,h(s + Δtn),u0,h(s + Δtn)) + tV

hh(u0,h(s),u1,h(s + Δtn),u1,h(s + Δtn)) ds

≤ min(k1(tn+1), k2(tn+1))(||f0,h||2 + ||f1,h||2).
(75)

▪

7 NUMERICAL RESULTS

This section presents a numerical test already performed in Reference 11 where the sensitivity equations, the average,
and the variance of the uncertain variables are computed using the Taylor expansion method.

7.1 Uncertainty propagation

This section aims to show how sensitivity, more precisely, the PCM, can be used for a first-order estimate of the
variance of the model output, and how the estimated variance can, in turn, be used to compute the Confidence
intervals (CI) for the physical variables of the Navier–Stokes Equation (1a)-(1d) (i.e., the horizontal and vertical
velocity and the pressure), using the PCM. The CI provides a range in which the true value of the uncertain vari-
ables may lie with a prescribed probability. In this context, the parameter a is a random variable with a known
distribution, expected value 𝜇 and standard deviation 𝜎. Let Y (x, t; a) be a physical variable, (the solution of the
Navier–Stokes Equation (1a)-(1d)), with 𝜇Y its expected value and 𝜎Y its standard deviation. In the absence of knowl-
edge about the distribution of Y , the Chebyshev inequality11,33 is employed and the CI of Y is consequently defined
as follows

CIY =

[
𝜇Y − 𝜎Y√

𝛼
, 𝜇Y + 𝜎Y√

𝛼

]
, (76)

where 𝛼 denotes the confidence level.
We must first estimate the mean 𝜇Y and the standard deviation 𝜎Y to compute such a CI. To do that, the PCM is used,

and the variable Y (x, t, a) is written by its PCE. The mean and the standard deviation are calculated as follows
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NOUAIME et al. 21

Y (x, t; a) = Y0(x, t)𝜓0(a) + Y1(x, t)𝜓1(a)

= Y0(x, t) +
(a − 𝜇

𝜎

)
Y1(x, t).

(77)

Using the expansion Equation (77), the average of Y is given

𝜇Y (x, t) = E(Y (x, t; a)) = E
(

Y0(x, t) + a − 𝜇

𝜎
Y1(x, t)

)
= Y0(x, t) = Ỹ 0(x, t) + 𝜎Ỹ 1(x, t), (78)

and the variance is obtained

𝜎2
Y (x, t) = E

(
(Y (x, t; a) − Y0(x, t))2) = Y 2

1 (x, t) = 𝜎2Ỹ 2
1(x, t). (79)

One can remark that the computation of the mean and the variance of Y (x, t, a) are performed with just two simulations,
one for the state Equation (20) and another one for the sensitivity Equation (21).

7.2 Flow past a square cylinder

The domain Ω is defined as in Figure 4. In this numerical test, we have an uncertainty on the inflow boundary condition
u = − 4a

𝓁2 y(𝓁 − y)n. We consider a to be normally distributed with average 𝜇 = 0.25 and standard deviation 𝜎 = 7.5 × 10−3.
Equation (20) and (21) are solved with homogeneous Dirichlet boundary conditions onΓtop ∪ Γbottom ∪ Γobst, homogeneous
Neumann boundary conditions on Γout, and uncertain inflow boundary condition

ũ0 = − 4
𝓁2 (𝜇 + 𝜎)y(𝓁 − y)n and ũ1 = − 4

𝓁2 y(𝓁 − y)n on Γin.

The equations are solved on a mesh with a spatial step varying from 0.005 to 0.01. The discretization of both the state and
the sensitivity equations is developed and solved in TrioCFD. The results obtained by the PCM are compared with those
obtained using Taylor expansion and Monte Carlo methods.

In Figures 5–7, we compare the mean estimated using the PCE, the Monte Carlo method and the Taylor expansion
and we show them on a horizontal cross-section (y = 0.2) and a vertical one (x = 0.6). A similarly thorough procedure is
followed for the standard deviation, and the curves are presented in Figures 6–8. As one can see, the three methods give
very similar results.

In Figures 9 and 10, we show the confidence intervals computed according to (76) for 𝛼 = 0.05. The first-order polyno-
mial chaos method and the Monte Carlo one give very similar results. The PCM is more efficient in terms of computational
time (2 simulations) if compared the Monte Carlo approach, which requires 1300 simulations (for the Monte Carlo esti-
mates to reach convergence of the variance 11). The results calculated using PCM are almost identical to those calculated
using Taylor expansion in Reference 11 in terms of mean and variance in this numerical test case. However, the sensitiv-
ity of the Navier–Stokes equations Equation (21) calculated using PCM are not identical to those calculated using Taylor

F I G U R E 4 A rectangular channel of length L = 2 and width 𝓁 = 0.7, with walls on the top and the bottom, and an obstacle of square
section of width d = 0.1 at distance xD = 0.4 from the inflow boundary. [Colour figure can be viewed at wileyonlinelibrary.com]

 10970363, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/fld.5324 by C

N
A

M
, W

iley O
nline L

ibrary on [30/09/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://wileyonlinelibrary.com


22 NOUAIME et al.

F I G U R E 5 Comparison between the mean of ux , uy, and p calculated by the PCM, Taylor expansion, and the MC method on the
horizontal cross section y = 0.2. [Colour figure can be viewed at wileyonlinelibrary.com]

F I G U R E 6 Comparison between the standard deviation of ux , uy, and p calculated by the PCM, Taylor expansion, and the MC method
on the horizontal cross secion y = 0.2. [Colour figure can be viewed at wileyonlinelibrary.com]

F I G U R E 7 Comparison between the mean of ux , uy, and p calculated by the PCM, Taylor expansion, and the MC method on the
vertical cross section x = 0.6. [Colour figure can be viewed at wileyonlinelibrary.com]

 10970363, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/fld.5324 by C

N
A

M
, W

iley O
nline L

ibrary on [30/09/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
http://wileyonlinelibrary.com


NOUAIME et al. 23

F I G U R E 8 Comparison between the standard deviation of ux , uy, and p calculated by the PCM, Taylor expansion, and the MC method
on the vertical cross section x = 0.6. [Colour figure can be viewed at wileyonlinelibrary.com]

F I G U R E 9 Comparison between the confidence intervals of ux , uy and p computed by the PCM (blue), and the MC method (hatched
red), on the horizontal cross section y = 0.2. [Colour figure can be viewed at wileyonlinelibrary.com]

F I G U R E 10 Comparison between the confidence intervals of ux , uy and p computed by the PCM (blue), and the MC method (hatched
red), on the vertical cross section x = 0.6. [Colour figure can be viewed at wileyonlinelibrary.com]
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24 NOUAIME et al.

expansion, since in Equation (21), there is an additional term, 2𝜎ũ1 ⋅ ∇ũ1. This term is small, because it is multiplied by
𝜎, and this explains why the numerical results are almost identical.

8 CONCLUSIONS

This article proposes the PCM to model the input uncertainty and its propagation in the Navier–Stokes equations. First,
the dependent variables in the state equations (1) are expressed by their PCE, and then the polynomials are calculated
when the uncertain parameter a is normally distributed. Second, a Galerkin projection is applied to the Navier–Stokes
equations to obtain the first-order sensitivity of the Navier–Stokes equations. The sensitivity equations obtained (14) and
(17) are coupled. Thus, we decoupled these equations in order to solve them numerically in a more efficient way. A dis-
cretization method called finite element-volume is also introduced and described in detail in this article. It is applied to the
Navier–Stokes equations, Equation (1), and the first-order Navier–Stokes sensitivity equations Equation (21). The trilinear
term was notably complex and required significant effort to be discretized accurately. A stability estimate for continu-
ous, Equation (1) and discrete Navier–Stokes equations, Equation (43) was established. Some challenges are encountered
while attempting to establish the stability of the sensitivity Navier–Stokes equations Equation (21). Nonetheless, the sta-
bility estimate of the two coupled systems Equation (14) and Equation (17) is established; the weak formulations of the
coupled systems, Equation (14) and Equation (17) are discretized considering the antisymmetry of the continuous tri-
linear term tV (., ., .). Then, an Euler discretization in time is applied. Finally, the stability estimate is proved using the
Gronwall lemma and Poincaré inequality. In conclusion, the PCM provides a reliable framework for many uncertainty
quantification problems in computational fluid dynamics.

As a next step, we intend to study the convergence of the discrete sensitivity Navier–Stokes in FEV and adapt the
PCM to study turbulent flows using Reynolds-Averaged Navier–Stokes (RANS) equations. Currently, we are working to
address some of these challenges.
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APPENDIX A. STABILITY OF DISCRETE NAVIER–STOKES EQUATIONS

In this section, the initial steps of the proof of Proposition 4 are presented. This demonstration is similar to that performed
by Temam 32 for the FE scheme, as the Navier–Stokes equations discretized using the FE method are the same as those
discretized using the FEV method, except for the trilinear term and the linear term.

The stability estimate, Equation (44), is obtained by replacing vh = un+1
h and qh = pn+1

h in Equation (43)

NF∑
i=1

∫𝜔i

|un+1
h |2 dx = ||un+1

h ||2, ah(un+1
h ,un+1

h ) = 𝜈||∇un+1
h ||2. (A1)

According to the Cauchy–Schwarz and Young inequalities

NF∑
i=1

∫𝜔i

un
h ⋅ un+1

h dx ≤ ||un
h||||un+1

h || ≤ 1
2
||un

h||2 + 1
2
||un+1

h ||2. (A2)
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One has the continuity of the linear form, according to Appendix B,

lV
h (u

n+1
h ) ≤√

12||fh||||un+1
h ||. (A3)

Then according to the Young inequality, one has

lV
h (u

n+1
h ) ≤√

12||fh||||un+1
h || ≤ 6||fh||2 + 1

2
||un+1

h ||2. (A4)

According to the Equation (43), the following inequalities holds

1
2
||un+1

h ||2 + 𝜈||∇un+1
h ||2 + Δtn tV

hh(u
n
h,u

n+1
h ,un+1

h ) ≤ 1
2
||un

h||2 + 6Δtn||fh||2 + 1
2
Δtn||un+1

h ||2. (A5)

By summing Equation (A5) over all n and multiplying by 2, one has

||un+1
h ||2 + 2𝜈

n∑
p=0

Δtp||∇up+1
h ||2 + 2

n∑
p=0

ΔtptV
h (u

p
h,u

p+1
h ,up+1

h ) ≤ 12
n∑

p=0
Δtp||fh||2 + n∑

p=0
Δtp||up+1

h ||2. (A6)

Applying the rectangle method to the Equation (A6), the following inequality holds

||un+1
h ||2 + 2𝜈∫

tn+1

0
||∇uh(s)||2 ds + 2∫

tn

0
tV
hh(uh(s),uh(s + Δt),uh(s + Δt)) ds

≤ 12tn+1||fh||2 + ∫
tn+1

0
||uh(s)||2ds.

(A7)

Setting z(tn+1) = ∫ tn+1

0 ||uh(s)||2ds then replacing in Equation (A7) and multiplying by e−tn+1 gives

(e−tn+1 z(tn+1))′ ≤ 12e−tn+1 tn+1||fh||2. (A8)

Integrating in time Equation (A8) and multiplying it by etn+1 , one has

z(tn+1) ≤ 12||fh||2(etn+1 − 1 − tn+1). (A9)

Finally, z(tn+1) is replaced in Equation (A7), and the following inequality holds

||un+1
h ||2 + 2𝜈∫

tn+1

0
||∇uh(s)||2 ds + 2∫

tn

0
tV
hh(uh(s),uh(s + Δt),uh(s + Δt)) ds ≤ k1(tn+1)||fh||2,

||un+1
h ||2 + 𝜈∫

tn+1

0
||∇uh(s)||2 ds + 2∫

tn

0
tV
hh(uh(s),uh(s + Δt),uh(s + Δt)) ds ≤ k1(tn+1)||fh||2, (A10)

with k1(tn+1) = 12(etn+1 − 1). The linear form lV
h (u

n+1
h ) can also be bounded according to Cauchy–Schwarz and Poincaré

inequalities as follows

lV
h (u

n+1
h ) ≤√

12||fh||||un+1
h || ≤ c

√
12||fh||||∇un+1

h || ≤ 24c2

𝜈
||fh||2 + 𝜈

2
||∇un+1

h ||2. (A11)

By plugging the inequalities (A1), (A2), and (A11) in Equation (43), the following inequalities holds

1
2
||un+1

h ||2 + 𝜈

2
||∇un+1

h ||2 + Δtn tV
hh(u

n
h,u

n+1
h ,un+1

h ) ≤ 1
2
||un

h||2 + 24c2

𝜈
||fh||2. (A12)
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By multiplying Equation (A12) by 2 and summing over all the n, then applying the rectangle method, the following
inequality is obtained

||un+1
h ||2 + 𝜈∫

tn+1

0
||∇uh(s)||2 ds + 2∫

tn

0
tV
hh(uh(s),uh(s + Δt),uh(s + Δt)) ds ≤ k2(tn+1)||fh||2, (A13)

with k2(tn+1) = 48c2

𝜈
tn+1.

Finally, according to Equation (A10) and Equation (A13), one has

||un+1
h ||2 + 𝜈∫

tn+1

0
||∇uh(s)||2 ds + 2∫

tn

0
tV
hh(uh(s),uh(s + Δt),uh(s + Δt)) ds

≤ min(k1(tn+1), k2(tn+1))||fh||2.
APPENDIX B. CONTINUITY OF THE DISCRETE LINEAR FORM (A3)

Let A(x1, y1), B(x2, y2), and C(x3, y3) be three points, G be the barycenter of the triangle ABC and 𝛿 its area. Let M(x, y) be
a point of the triangle ABC. Then (x, y) = 𝜆(x1, y1) + 𝛽(x2, y2) + 𝛾(x3, y3), with 𝜆, 𝛽, 𝛾 ∈ [0, 1] and 𝜆 + 𝛽 + 𝛾 = 1.

Let u be an affine function therefore u(x, y) = 𝜆u(x1, y1) + 𝛽u(x2, y2) + 𝛾u(x3, y3) = 𝜆u1 + 𝛽u2 + 𝛾u3

∫ABC
u2(x, y) dxdy = ∫ABC

(𝜆u1 + 𝛽u2 + 𝛾u3)2 dxdy

= ∫ABC
𝜆2u2

1 + 𝛽2u2
2 + 𝛾2u2

3 + 2𝜆𝛽u1u2 + 2𝛽𝛾u2u3 + 2𝜆𝛽u1u2 dxdy

= u2
1 ∫ABC

𝜆2 dxdy + u2
2 ∫ABC

𝛽2 dxdy + u2
3 ∫ABC

𝛾2 dxdy + 2u1u2 ∫ABC
𝜆𝛽 dxdy

+ 2u2u3 ∫ABC
𝛽𝛾 dxdy + 2u1u3 ∫ABC

𝜆𝛾 dxdy

= 𝛿
u2

1 + u2
2 + u2

3 + u1u2 + u1u3 + u2u3

6
= 1

2
𝛿

6
[u2

1 + u2
2 + u2

3 + (u1 + u2 + u3)2]

≥ 𝛿

6

[1
2

u2
1 +

1
2

u2
2 +

1
2

u2
3

] ≥ 𝛿

6
× 1

2
max (|ui|)2 with i ∈ {1, 2, 3}.

Therefore ||u||L∞(ABC) ≤
√

12√|𝛿| ||u||L2(ABC). Let 𝛿+i and 𝛿−i be respectively the areas of the triangle 𝜅+
i and 𝜅−

i such that
𝜔i = 𝜅+

i ∪ 𝜅−
i .

lV
h (uh) =

NF∑
i=1

(
uh(xi) ⋅ ∫𝜔i

fh dx
)

=
NF∑
i=1

uh(xi) ⋅

(
∫𝜅+

i

fh dx + ∫𝜅−
i

fh dx

)
.

According to the Cauchy–Schwarz inequality, one obtains

lV
h (uh) ≤

NF∑
i=1

⎛⎜⎜⎜⎝
√

12√|𝛿+i | ||uh||L2(𝜅+
i )

√|𝛿+i |||fh||L2(𝜅+
i ) +

√
12√|𝛿−i | ||uh||L2(𝜅−

i )

√|𝛿−i |||fh||L2(𝜅−
i )

⎞⎟⎟⎟⎠
≤

NF∑
i=1

√
12||uh||L2(𝜔i)||fh||L2(𝜔i) ≤

√
12||uh||L2(Ω)||fh||L2(Ω),

which is the claim (A3).
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